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Positive stable descriptor continuous-discrete 2D linear system

Abstract. The positivity and asymptotic stability of descriptor continuous-discrete 2D linear systems are addressed. Two different groups of sufficient
conditions for the positivity and asymptotic stability of the system are established. Two procedures for checking positivity and asymptotic stability of

the systems are proposed and illustrated by numerical examples.

Streszczenie. W pracy rozpatrywana jest dodatnio$c i stabilno$¢ asymptotyczna singularnych (deskryptorowych) dwuwymiarowych (2D) uktadéw
ciggto-dyskretnych. Podano dwie grupy warunkéw wystarczajgcych dodatnio$ci i asymptotycznej stabilno$ci dla tej klasy ukfadow.

Podano tez dwie procedury pozwalajgce sprawdzi¢ dodatnio$¢ i asymptotyczng stabilno$¢ tych ukfadéw. Proponowane procedury zostaty
zilustrowane przyktadami numerycznymi. (Dodatnie stabilne singularne ciggfo-dyskretne liniowe uktady 2D).
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Introduction

In positive systems inputs, state variables and outputs
take only nonnegative values. A variety of models having
positive systems behavior can be found in engineering,
management science, economics, social sciences, biology
and medicine etc.. An overview of state of the art in positive
systems is given in the monographs [5, 8]. The positive
continuous-discrete 2D linear systems have been
introduced in [7], positive hybrid linear systems in [9] and
the positive fractional 2D hybrid systems in [10]. Different
methods of solvability of 2D hybrid linear systems have
been discussed in [15] and the solution to singular 2D
hybrids linear systems has been derived in [17]. The
realization problem for positive 2D hybrid systems has been
addressed in [11]. Some problems of dynamics and control
of 2D hybrid systems have been considered in [4, 6]. The
problems of stability and robust stability of 2D continuous-
discrete linear systems have been investigated in [1-3, 18-
20]. Recently the stability and robust stability of general
model and of Roesser type model of scalar continuous-
discrete linear systems have been analyzed by Bustowicz in
[2, 3]. Stability of continuous-discrete 2D linear systems has
been considered in [13] and of descriptor positive linear
systems in [14].

In this paper new sufficient conditions for the positivity
and asymptotic stability of descriptor continuous-discrete
2D linear systems will be presented. The paper is organized
as follows. In section 2 some preliminaries concerning the
continuous-discrete 2D linear systems are recalled. Two
different groups of sufficient conditions for the positivity and
asymptotic stability of the descriptor systems are presented
in section 3. Concluding remarks are given in section 4.

The following notation will be used: R - the set of real
numbers, Z, - the set of nonnegative integers, RTM _ the
set of nxm real matrices, ERE‘rxm - the set of nxm
matrices with nonnegative entries and R =iR2X1, Iy -

the nxn identity matrix.
Preliminaries

Consider the linear continuous-discrete 2D system [8,
13]

(1) X(t,i +1) = AgX(t,i) + AX(t,i) + Ayx(t,i + 1)+ But,i)

OX(t,1)

where te®R,, ieZ, and X(t,i):T, X(t,i)eiRn,

ut,i)eR™ Ay, A LA eR™", BeR™™M,

Definition 1. The continuous-discrete 2D linear system (1) is
called (internally) positive if x(t,i)e R, teR,, ieZ, for
any input u(t,i) e ERT and all initial conditions

@)x(0,)eR?, ieZ,, xt,0)eR], xt0)eR], teR,

Theorem 1. [7, 8] The continuous-discrete 2D linear system
(1) is positive if and only if

(3) Ay eMp, Ag, A eRTT, Ag+As R, BenrD ™

where M, is the set of nxn Metzler matrices (with

nonnegative off-diagonal entries).
Definition 2. The continuous-discrete 2D linear system (1) is
called asymptotically stable if

@) lim x(t,i)=0.

t,iI>x©

A matrix Ae R™" is called asymptotically stable (Hurwitz)
if all its eigenvalues lie in the open left half of the complex
plane.

Theorem 2. [13] The positive continuous-discrete 2D linear
system (1) is asymptotically stable if and only if all
coefficients of the polynomial

detll,s(z+1)—Ay —AS—A(z+])]
®)

n-1

=S"2" 488" 2" 48 ST 2" 8y 8+ 8012+ 80

are positive, i.e.

(6) ) >0 fork,1=0,1,...n (a4 =1).

Theorem 3. The positive continuous-discrete 2D linear
system (1) is asymptotically stable if and only if both
matrices

(7) A-ly, Ap+A

are Hurwitz Metzler matrix.

Proof is given in [13].

Theorem 4. [5, 8, 12] The matrix AecR™" is Hurwitz
Metzler matrix if and only if all coefficients of the
characteristic polynomial
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@) det[l,s—A]=s"+a,_;s" " +..+a5+a

are positive, i.e. ay =20 fork=0,1,...,n-1.

Descriptor continuous-discrete 2D linear systems
Consider the descriptor continuous-discrete 2D linear

system

9) EX(L,i+1) = AgX(L,i) + AX(L,i) + AyX(t,i +1) + Bu(t,i)

. X(t,i)eR"

ut,i)eR™ E,A),ALA e R, BeR™™ Itis assumed
that det E =0 and

where te®R,, ieZ, and X(t,i):%

(10) p(s)=det[Es— Ay — As—Ayz]#0 for some seC

where C is the field of complex numbers.

Definition 3. The descriptor continuous-discrete 2D linear

system (9) is called (internally) positive if for every

consistent nonnegative conditions x(0,i) e R}, ieZ,,
x(t,0)eRT, x(t,0)eR? and all inputs u(t,i)eRT,
teR,,ieZ,, x(t,i)eR] forteR,,ieZ,.

The following elementary row (column) operations will be

used [8, 14]:

— Multiplication of the ith row (column) by a real number c.
This operation will be denoted by L[ixc] (R[ixc]).

— Addition to the ith row (column) of the jth row (column)
multiplied by a real number c. This operation will be
denoted by L[i+ jxc] (R[i+ jxc]).

— Interchange of the ith and jth rows (columns). This
operation will be denoted by LJi, j] (RJ[i, j]).

It is assumed that using elementary row and column

operations it is possible to reduce the matrices

E, Ay, AL A e R™" to the form

(11)  P[Esz—Ay—As—AzIQ=Esz— Ay - As- Az
where

=_[In Al Au:l _
E=| " k=012
{0 0} A l:AZI A

(12) Alkl EsRnlxnl, A]kzefﬁn‘xnz, A21
m =rankE <n, n, =n—-ny

n,xn k
eR>, Ay e

n,xn
SJ%Z 2,

and P is a matrix of elementary row operations and
Qe RV is a monomial matrix of elementary column
operations. The matrix P can be obtained by performing the
elementary row operations and the matrix Q by performing
the elementary column operations on the identity matrix I,
respectively [8, 14].

Note that if Q is a monomial matrix then

(13)X(t,i) = Q 'x(t,i) e R} for teR, , ieZ,

for x(t,i)e R, teR,, ieZ, since Q'eRT".
Premultiplying (9) by the matrix P and defining the new
state vector

X (L, . .
1( ):|9 Xl(tal)es‘R?—la XZ(tﬂl)eg{-r:—Z

(14) i(t,i):Q‘lx(t,i):L(z(t "

we obtain

) 0 X (t,i+1)
PEQQ 'x(t,i+1)= O 0| fo(ti+1)

=PAQQ 'X(t,i) + PAQQ 'X(t, i) + PAQQ 'X(t,i +1)

(19) +PBu(t,i) = A” A,02 {Xl(t i)} All A112 {Xl(t i)}
AL AL D] [ A AL | ot
A11 A122 {xl(tm)} m
(H))
A21 A22 X (t,1+1)
and

X1(t i+1) = AL (6 + Al (6,1) + Al X (41) + Ao (t,)
+A11x1(t i+1)+ Auxz(t i+1)+Bu(t,i)
0 A (1) + Ay Xy (1) + A X (4,1) + AbyXo (1)

(16)

(17)
+ A21x1(t i+1)+ Azzxz(t i+1)+ Byu(t,i)
where
Bl n,xm n,xm
(18) PB:B , BpeR, ByeRT.
2

We shall consider the following two cases.
Case 1.

The matrix A§2 is a stable Metzler matrix. In this case

—(AY) ' e ™™ and from (17) we obtain

(19 2D = (A2 TAK D+ A LD + Ao (t.D
+ A221x1 ti+)+ A222x2(t,i +1)+ Byu(t, i)].

Substitution of (19) into (16) yields
(20) % (t,i + 1) = AV (t,i) + A% (4,i) + AP (t,i +1)+ BLu(t,i)
where

A = Al - AL AL T AYL A= AL - AL AT AL
(21)2200712 0 0, A0 \—1

A =A1-A2(An) A Bl =B —Az(An) By
and under the assumption
(22) Al — AL (A) T Agy =0, AS— AL (AY) ' AS =0
Assuming
Ay =0, Ayp=0, A} =0

from (19) we obtain

(23)

(24)  Xp(t,i) = AdX(t, i)+ A (L,i +1)+ Bou(t,i)
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where

(25)A) =—(A) ' ADL, A3 =—~(AD) ' A, BY =—(A)'B,.

By Theorem 1 the system (20) is positive if and only if

(26) AP eM, AV A e RN

A+ AN e B

N xm
eR)TT.

If % (t,i)eRY for teR,, ieZ, then from (24) it follows
that X, (t,i)e R for teR,, ieZ, and

27) A),A? e R™ and BY e R

since U(t,i)e R forteR, and ieZ, .

Theorem 5. Let there exist a pair of matrices of elementary
operations P e R™ and monomial elementary column
operations matrix Q € Ryon satisfying (14) and (15). Then
the descriptor continuous-discrete system (9) is positive and
asymptotically stable if Agz € an is asymptotically stable
and

0 0 0 |
AL eRYM, AR eI, Ay RN, A e
! 2 2
(28) Ay e RE™, A eMy, Ay eRET,
B e} ™, Bye

n,xn
iR+l 1 s

n,xm
Ry

the conditions (26) are satisfied and the matrices All —In .

A,O + A,z are asymptotically stable.

Proof. From (21) it follows that A’ Al e RN
B) e RIM and A e Mp if (28) holds since by
assumptlon A22 eM, is asymptotlcally stable and
—(AY) T e g™ [9] Thus, by Theorem 1 the systems
(20) is positive and xl(t,l)eSR for teiRE, ieZ,.If(28)
holds then from (25) we have Ag,Az eiRﬂlxnz and
Bgeﬂﬂzxm. In this case from (24) it follows that
X (ti)eR”  for x(t,i)eR? and u(ti)eRT for
teR,, ieZ,. By Theorem 3 the system (20) is
asymptotlcally stable if and only if the matrices A1 - In ,
A1 +A1 are asymptotically stable (are Hurwitz Metzler
Matrices). If lim X;(t,i)=0 then from (24) for u(t,i)=0
we have also" it X (t,1) = 0. This completes the proof. o
If the conditibhe>of Theorem 5 are satisfied then the
following procedure can be used to check the positivity and
asymptotic stability of the systems (9).

Procedure 1.

Step 1. Using the elementary row and column operations

reduce the matrices of the system (9) to the form
(15) and flnd the matrices P and Q.

Knowing A1 fori,j =12 and k =0,1,2 compute
the matrlces (21) and (25). If the conditions (28)
and (26) are met then the system (9) is positive.
Compute the matrices

Step 2.

Step 3.

29 A=A-l,, A=A +A.

If the matrices (29) are Hurwitz Metzler matrices then the
positive system (9) is also asymptotically stable.
Example 1. Consider the system (9) with the matrices

0 05 0 0 1 04375 01 2
E=0010 [0 0525 11
0 -1 0 of -4 0125 08 -3[
0 0 20 0 1.1 2 0
0 025 01 0
0 01 02 0
GOA=Iy o5 —02 of
0 02 04 0
0 -2 0 0 1
A = 0 0 -2 o’ _|o
0 4 0 0 0
0 0 -4 0 1

Using Procedure 1 we obtain the following.

Step 1. To reduce the matrices (30) to the desired form
(15) we perform the following elementary
operations:  L[3+1x2], L[4+2x(-2)] and
R[1,2], R[2,3], R[1x2] and we obtain

1 00 0]
— 01 00
E =PEQ= ,
0 0 0O
0 0 0 0]
0.875 0.1 1 2
— A0 Al 105 1 0 1
Ay =PAQ = %1 })2 = ,
AL A | 2 1 -2 1
0.1 0o 0 -2
(31)
05 01 0 O
Al A 02 02 0 O
A =PAQ=|"11 "2 ,
Ay Ay 0O 0 00
0O 0 00
(-4 0 0 0
AY A 0 -2 00
A, =PAQ = 7= ,
51 A | 0O 0 0 0
L0 0 00
1] [1
B, 0 0
(31) =P |=
B, 0 2
1 |1
where
1 0 00 0010
(32) I:)_0100Q_2000
12 0 1 0 T o1 0 of
0 -2 0 1 00 0 1
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Step 2. Using (21) and (25) and taking into account that

o2 ' -05 -025
27l —2| | o -—o05
we obtain

_ 0.875 0.1
A= A= A (A Ay {105 | }

L1 2fos 0asT2 1] [2 06
0 1o o501 of [1.1 1

05 0.1
1 1 0 0 \—1 Al

A=A - AL (A =

1 12( 22) 1 {0'2 0.2:|

L1 205 02570 o]_[os o1
0 10 05[]0 ol [02 02f

(33)
AZ= A Al (Al a2 =0
| 11 12 2 1= 0 _
J[1 2]0s 02sT0 o] _[-4 0
0 1]0 05[]0 o] |0 -2
1
Bl =B, — AL (A Bz{o}
L1 2]os o0as]2) _[32s
0 1l0 05 0.5
and
B 4 05 025T2 1] [1.025 05
A=Ay 42, = 05101 0] |005 o7

2 1 0
(34) A3 =—(A)) A21—|:0 0}

BO——(AS )’1B 105 025)2) |1.25

2T 0 05 1] |05
The conditions (28), (25) and (24) are satisfied
since AZ eM,, A’,Al e R?? and

2 06
0 152
+AA =
AlA”L.l 1}

05 01-4 o0 0 04] 5,
+ = eRy
02 020 -2| |03 06

Thus, the system (9) with (30) is positive.
Step 3. Using (29) we obtain

AA| {0.5 0.1}{1 0}:[—0.5 0.1}6,\/I

"“lo2 02| |0 1| |02 -08] ¥

A A0 s A2 {2 06}{—4 0}{—2 0.6}€M2.
1 0 -2 1.1 -1

The matrices (36) are Hurwitz Metzler matrices and the

positive system (9) with (30) is positive and asymptotically

stable.
Case 2.

(35)

(36)

Let Aézean be asymptotically stable then

—(Al)) ' e R™™ and from (17) we obtain

%o (t,1) = ~(Aby) AT X (4 1) + Ao (4, 1) + Byu(t, )]

e = A2 (t, 1)+ A%, (t,i) + BIu(t, i)
for

(38) A1 =0, A31=0, A} =0
where

(39) A’ =—(A) ' AL A =—(A) A, BY =—(A))'By.
Substitution of (37) into (17) yields
(40) % (t,i +1) = AXx (t,i) + Al (t,i) + AZx (4, i + 1)+ Blu(t, i)

where

A=A —Allz(Aéz)_l A A=Al

@1) B
A =A%, B =B - Al (An) B,

and

(42) A — A (A) ' Ap =0, AR =0

Assuming that x;(t,i) and u(t,i) are known then from the
equation (37) we may find its solution

AO. t A0 p— J—
(43) % (t,)) =™ %, (0,) + [e™ TI[A X (z,1) + Bu(z, D) d 7
0

By Theorem 1 the system (40) is positive if and only if

A2 20 7l

A eMp . ALA

~O+Kl~2 ei]’{nlxnl, é‘O e jMHxm
! + 1 +

(44) e RN

From (43) it follows that X, (t,i)e R for te R, , ieZ, if

the matrix
20
(45) Ay eMy,

AY e RN and BY e M

is asymptotically stable,

Theorem 6. Let there exist a pair of matrices of elementary
operations P e R and monomial elementary column
operations matrix Q e R™" satisfying (14) and (15). Then
the descriptor continuous-discrete system (9) is positive and
asymptotically stable if A%z € an is asymptotically stable

and
Af e RN, A) €

1 n,xn 2
A eRYT2, A eMp,

Alol € iRSI_Ian ’
Alll € m?—lxnl >

5]{_'12 XN, ,
(46)

B, eRP*™M B, e RP*™

the condltlons (44) and (45) are satisfied and the matrices
Al - In , Al +A1 are asymptotically stable.

Proof From (41) and (42) it follows that AL, Al € RN
B) e R ™ and A? e M, if (46) holds since Aby e M,

is asymptotically stable and —(A22)7 ‘anxnz Thus, by
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Theorem 1 the system (40) is positive and x;(t,i) € ‘.RQI for
teR,, ieZ, . If the condition (45) is met then from (43)
we have X (t,i)eR for teR,, ieZ, since
% (0,i))e R for X,(t,i)eRY and u(t,i)eRT for
teR,, ieZ,. Therefore, the system (9) is positive. By
Theorem 3 the system (3. 22a) is asymptotlcally stable if
and only if the matrices A1 =y Al +A1 are Hurwitz
Metzler Matrices. The system (37) is asymptotically table if
(45) holds. Therefore, the system (9) is positive and
asymptotically stable. o

If the conditions of Theorem 6 are satisfied then the
following procedure can be used to check the positivity and
asymptotic stability of the systems (9).

Procedure 2.

Step 1. Using the elementary row and column operations
reduce the matrices of the system (9) to the form (15) and
find the matrices P and Q.

Step 2. Knowing Ailfj =1,2and k =

the matrices (41) and (42). If the conditions (44) and (45)
are met then the system (9) is positive.
Step 3. Compute the matrices

for i, j 0,1,2 compute

A
(47) A=A =1y, A=A+ A

If the matrices (47) are Hurwitz Metzler matrices then the
positive system (9) is also asymptotically stable.

Example 2. Consider the system (9) with the matrices

02 0 1 26 07

E=0 0 1| Aj=|-1 12 02|
0 0 -2 3 =22 -0.1
-1 06 0.1

(48)A1{1 04 0|,

-3 -08 0
0 -4 0 3

A=0 0 -3, B=|0
0 0 6

Using Procedure 2 we obtain the following.

Step 1. To reduce the matrices (48) to the desired form
(15) we perform the following elementary operations:
L[3+2x2], L[1+3x(-D], R[1,3], R[L2], R[1x0.5] and

we obtain

1 00
E=PEQ=|0 1 0],
000

..o 12 04 0
“9) _:PAOQ:{AQ Aﬂ: 0.6 02 —1|,
A A2l o1 03 1
o J03 01 0
R=PAQ={ﬁ‘ ﬁﬂ= 02 0 1|
A AT

o a2 0 0
x A A
%=P%Q={£ 2}= 0 30
AZl AZZ O O 0
1
_ B,
B=PB=| ' |=|0
BZ
2
where
1 -2 -1 0 0 1
(50) P=l0 1 0 Q=050 0
0 2 1 0 1 0

Step 2. Taking into account that (A%z)_l
(41) we obtain

=1 and using

- 1.2 04
v = AT ALR(AR) Ay 0.6 02

0 1.2 04
+ 0.1 03]= :
1 0.7 0.5
~ 03 01| ~ -2 0
| 2_ a2
A =A111=[02 O}’ A =A11=[ 0 _3}

Bl =B — AL (Ay) B, = Lﬂ{ﬂz =E}

=—(AL) A9 =[0.1 03],
(52) Az =—(AL) A =1,

By =—(A)) !By =2.

(51)

and

The conditions (44) and (45) are satisfied since Klz eM, is

asymptotically stable A’ Al e 322 B e®2, B) eR,

and
1.2 04
1 2
+
RRR | o]

L[03 012 0] 06 0.7 o0
= S
02 o0 =3 |03 05] "F

Thus, the system (9) with (48) is positive.
Step 3. Using (47) we obtain

MoK = 03 011 [1 0
1_ mlo2 0] [0 1

-0.7 0.1

= EMz,

{o.z -1}
<~ o~ [12 04] [-2 0
A2:A1 +Al = +

0.7 0.5 0 -3

-0.8 04
= € M2.
0.7 =25

(83)

(54)
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The matrices (54) are Hurwitz Metzler matrices and the
positive system (9) with (48) is positive and asymptotically
stable.

Concluding remarks

Two different groups of sufficient conditions for the
positivity and asymptotic stability of the descriptor
continuous-discrete 2D linear system have been
established. Two procedures for checking positivity and
asymptotic stability of the descriptor systems have been
proposed. The procedures have been illustrated by
numerical examples. The considerations can be extended
to fractional descriptor continuous-discrete 2D linear
systems. An open problem is necessary and sufficient
conditions for the positivity and asymptotic stability of the
descriptor continuous-discrete 2D linear systems. An other
open problem is an extension of these considerations for
the descriptor switched 2D linear systems.
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