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Output tracking of fractional differential linear control systems

Abstract. In the article, an elementary method for asymptotic output tracking control of a fractional linear control system is presented. A simulation
example is also given.

Streszczenie. W artykule przedstawiono elementarną metodę śledzenia pożądanego sygnału przez wyjście ukladu liniowego niecałkowitego rzędu
różniczkowego. Rozważania zostały zilustrowane przykładem obliczeniowym wraz z przeprowadzonymi symulacjami komputerowymi. (Śledzenie
zadanego wyjścia w układach liniowych niecałkowitego rzędu)
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Introduction
In the last decades fractional integration and differenti-

ation, as generalizations of the notions of integer-order inte-
gration and differentiation, have played a very important role
in various fields such as electricity, mechanics, economics,
chemistry, biology and control theory. It turns out that in many
real-life cases, models described by fractional differential
equations much better reflect the behavior of a phenomenon
than models expressed by means of the classical calculus
(see, e.g., [2, 3]). This idea was used successfully in vari-
ous fields of science and engineering for modeling numerous
processes [13]. Mathematical fundamentals of fractional cal-
culus are given in the monographs [4, 6, 7, 9, 10, 12]. An ele-
mentary method of steering a fractional linear control system
from a given initial state to a given final state was presented
in [1]. Some fractional-order controllers were developed in,
e.g., [8, 11].

In this article, it will be shown how to follow asymptoti-
cally a desired signal by an output of a SISO fractional linear
control system starting from an arbitrary initial condition of all
state variables. Presented design analysis concerns also the
stability problem of the whole dynamics of the system, includ-
ing the behavior of an unobservable part of a system, which
is of great importance from the practical point of view. This
method of control assumes all the state variables accessible.

The following notation will be used in the paper: the real
and complex field is denoted by R and C, respectively. The
set of natural numbers containing zero is denoted byN0. The
set of n × m matrices with real entries will be denoted by
Rn×m, and Rn := Rn×1. By Cn(R) we mean a set of real-
valued functions of one real variable possessing continuous
derivatives of order 1, . . . , n.

Fractional control systems with Caputo derivative
Let (Iαt0+g)(t) denote the Riemann-Liouville fractional

left-sided integral of order α ∈ R, on a finite interval of the
real line [4, 12]:

(Iαt0+g)(t) :=
1

Γ(α)

∫ t

t0

g(τ)

(t− τ)1−α
dτ for α > 0, t > t0,

where Γ(·) denotes the so-called Euler gamma function.
Letα ∈ R andα ≥ 0. We will use the following definition

of Caputo derivative

(CDα
t0+f)(t) :=

1

Γ(n− α)

∫ t

t0

f (n)(τ)

(t− τ)α−n+1
dτ ,

where n = [α] + 1, and [α] denotes the integer part of α. In
particular, if α = n ∈ N0, then

(CDn
t0+f)(t) = f (n)(t),

which is the usual n-th order derivative of function f ∈
Cn(R). We will also use the shorted notations CDn

t0+f or
just f (α) for the Caputo derivative introduced above.

We will also use so-called sequential derivative Dkα
t0+f

defined by

Dα
t0+f = CDα

t0+f,

Dkα
t0+f = CDα

t0+D
(k−1)α
t0+ f, k = 2, 3, . . . .(1)

We introduce the notion of Dα
t0+f , because, in general,

CDα
t0+

CDα
t0+· · ·

CDα
t0+︸ ︷︷ ︸

k-times

f �= CDkα
t0+f, k ∈ N0.

Output tracking of a linear control system in a state
space form

Let us consider a SISO linear fractional control system
of the form

(2) Λ:
C
D

α
t0+x = Ax+ bu, 0 < α < 1,
y1 = Cx,

where x = (x1, . . . , xn)
T ∈ Rn is a state space vec-

tor, A ∈ Rn×n, u(t) ∈ R is a scalar input, b ∈ Rn×1,
y1 ∈ R is a scalar output, C ∈ R1×n, and C

D
α
t0+x =

(CDα
t0+x1, . . . ,

CDα
t0+xn)

T .
The aim of control is to follow asymptotically a desired

signal yd(t) ∈ Cn(R) by the output y1(t) of the system Λ.
More precisely, we look for a control input u as a function of
states variables and suitable time-derivatives of yd(t) such
that y1(t) follows asymptotically yd(t), i.e., the error

e(t) = (y1(t)− yd(t)) → 0 with t → ∞,

for any initial conditions

xi(t0) = x0
i , 1 ≤ i ≤ n.

In order to simplify the problem, we will transform system
Λ to a normal form. To this end, first, define an integer r such
that CAjb = 0 for all j < r − 1, and CAr−1b �= 0. Then,
using a transformation

y = Tx, T =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

C

CA
...

CAr−1

tr+1

...
tn

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,
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where the row vectors ti ∈ R1×n satisfy

tib = 0, r + 1 ≤ i ≤ n,

and are such that matrix T ∈ Rn×n is nonsingular, i.e.,
detT �= 0. Therefore, the normal form of the system Λ ex-
pressed in the new coordinates y = (y1, . . . , yn)

T is the
following

Λn :

y
(α)
1 = y2

y
(α)
2 = y3

...
y
(α)
r−1 = yr

y
(α)
r = D1y +D2u

y
(α)
r+1 = H1y

...
y
(α)
n = Hn−ry,

whereD1 ∈ R1×n,D2 ∈ R,Hj ∈ R1×n for 1 ≤ j ≤ n− r,
and are given by

D1 = CArT−1, D2 = CAr−1b, Hj = tr+jAT
−1.

SinceD2 �= 0 (by construction of integer number r), we can
apply to Λn a control of the form

u = D−1
2 (v −D1y),

with some new single input v = v(t), getting

Λ̂n :
ȳ
(α)
1 = Âȳ1 + b̂v

ȳ
(α)
2 = Hy,

where

ȳ1 =

⎛
⎜⎝
y1
...
yr

⎞
⎟⎠ ∈ R

r, ȳ
(α)
1 =

⎛
⎜⎜⎝
y
(α)
1
...

y
(α)
r

⎞
⎟⎟⎠ ∈ R

r,

ȳ2 =

⎛
⎜⎝
yr+1

...
yn

⎞
⎟⎠ ∈ R

n−r, ȳ
(α)
2 =

⎛
⎜⎜⎝
y
(α)
r+1
...

y
(α)
n

⎞
⎟⎟⎠ ∈ R

n−r,

and

Â =

⎛
⎜⎜⎜⎝
0 1 0 · · · 0
0 0 1 · · · 0

0 0 0
. . . 1

0 0 0 · · · 0

⎞
⎟⎟⎟⎠ ∈ R

r×r, b̂ =

⎛
⎜⎜⎜⎝
0
...
0
1

⎞
⎟⎟⎟⎠ ∈ R

r×1,

H =

⎛
⎜⎝

H1

...
Hn−r

⎞
⎟⎠ ∈ R

(n−r)×n.

We can see that control system in the normal formal Λ̂n pos-
sesses a structure consisting of two parts. The first one, i.e.,
ȳ
(α)
1 = Âȳ1+ b̂v, is separated from the second one so-called
unobservable part, i.e., ȳ(α)2 = Hy, but not vice versa.

Since, in general, for the system Λ̂n

y(α)q �= y((q−p+1)α)
p , 1 ≤ p < q ≤ r,

but
y(α)q = D

(q−p+1)α
t0+ yp, 1 ≤ p ≤ q ≤ r,

the first part of Λ̂n, i.e., ȳ(α)1 = Âȳ1 + b̂v, can be rewritten in
an equivalent form given by the following rα-order fractional
differential equation

(3) Drα
t0+y1 = v.

Applying to Λ̂n, or just to (3), a control of the form

(4) v = Drα
t0+yd −

r−1∑
i=0

kiD
iα
t0+e,

where e = y1 − yd, and ki ∈ R, 0 ≤ i ≤ r − 1, we get

(5) Drα
t0+e+ kr−1D

(r−1)α
t0+ e+ · · ·+ k1D

α
t0+e + k0e = 0,

because sequential derivative possesses property of linear-
ity, i.e., Dqα

t0+e = Dqα
t0+y1 −Dqα

t0+yd, q ∈ N0.
Using the already known result (see, e.g., [5]) about the

stability of linear fractional differential systems, the following
theorem states when a solution of (5) is asymptotically stable,
i.e., output y1(t) follows yd(t) for t → ∞.
Theorem 1 Equation (5) is asymptotically stable if and only
if

(6) |arg(σi)| > α
π

2
,

where σi ∈ C, 1 ≤ i ≤ r, are the zeros of the following
polynomial

(7) w(σ) = σr + kr−1σ
r−1 + · · ·+ k1σ + k0.

Therefore, the problem of output tracking gives rise to the
problem of appropriate choice of real coefficients ki, 1 ≤ i ≤
r, such that Theorem 1 is satisfied.

From the practical point of view, even if the output al-
ready follows a given desired signal, we do not still know
anything about the state variables represented by the second
part of the system Λ̂n, i.e., ȳ(α)2 = Hy. In other words, we
have to knowwhether this part is stable. Notice that the unob-
servable part of the system Λ̂n is not separated from the first
one, indeed, the control v does still indirectly affect state vari-
ables ȳ2. Assuming the 1-st subsystem can be made stable
after applying a suitable feedback (4), all the yi, 1 ≤ i ≤ r,
state variables, as bounded time-varying functions, can be
viewed, in some sense, for the 2-nd subsystem as inputs.
It can be thus shown that in order to determine the stability
of this sub-system it is sufficient to study the stability of this
sub-system with all ȳ1 variables being zero, i.e.,

ȳ
(α)
2 = H

(
0
ȳ2

)
.

Therefore, we can rewrite the above system in a more con-
sistent form

(8) ȳ
(α)
2 = H̄ȳ2,

where

H̄ =

⎛
⎜⎝

h1,r+1 · · · h1,n

... · · ·
...

hn−r,r+1 · · · hn−r,n

⎞
⎟⎠ ∈ R

(n−r)×(n−r),

and hij ∈ R, 1 ≤ i ≤ n− r, r + 1 ≤ j ≤ n, are the entries
of matrixH .
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The stability of system (8) can be now determined by
means of Theorem 1, with polynomial (7) replaced by the
characteristic polynomial of matrix H̄, or using the result
given, e.g., in [5].
Example 1 Given a linear control system of fractional order
0 < α < 1

Λ:
C
D

α
0+x = Ax+ bu,

y1 = Cx,

where

A =

⎛
⎜⎜⎝

− 2
3

4
3 −5 −2

− 10
3

20
3 −4 2

−1 2 0 1
5 −7 2 −3

⎞
⎟⎟⎠ , b =

⎛
⎜⎜⎝

4
3

− 4
3

0
0

⎞
⎟⎟⎠ , C =

(
0 0 1 0

)
,

find a control u(t) such that the output y1(t) = x3(t) will
follow a desired signal given by yd(t) = sin t.

First, calculate

Cb = 0, CAb = −4,

and hence r = 2. Therefore, matrix of the transformation
y = Tx taking system Λ to the normal form Λn is

T =

⎛
⎜⎜⎝

C

CA

t3
t4

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝

0 0 1 0
−1 2 0 1
0 0 2 1
1 1 0 1

⎞
⎟⎟⎠ , T−1 =

⎛
⎜⎜⎝

2
3 − 1

3 − 1
3

2
3

4
3

1
3 − 2

3
1
3

1 0 0 0
−2 0 1 0

⎞
⎟⎟⎠

because t3b = 0 and t4b = 0. Since

TAT−1 =

⎛
⎜⎜⎝

0 1 0 0
−1 2 0 1
2 −2 0 1
1 0 −4 1

⎞
⎟⎟⎠ , T b =

⎛
⎜⎜⎝

0
−4
0
0

⎞
⎟⎟⎠ ,

we get

Λn :

y
(α)
1 = y2

y
(α)
2 = −y1 + 2y2 + y4 − 4u

y
(α)
3 = 2y1 − 2y2 + y4

y
(α)
4 = y1 − 4y3 + y4.

Imposing a control (with some new input v)

(9) u = −
1

4
(v + y1 − 2y2 − y4)

we obtain

Λ̂n :

y
(α)
1 = y2

y
(α)
2 = v

y
(α)
3 = 2y1 − 2y2 + y4

y
(α)
4 = y1 − 4y3 + y4.

⇔
ȳ
(α)
1 = Âȳ1 + b̂v

ȳ
(α)
2 = Hy,

where

ȳ1 =

(
y1
y2

)
, ȳ2 =

(
y3
y4

)
,

and

Â =

(
0 1
0 0

)
, b̂ =

(
0
1

)
, H =

(
2 −2 0 1
1 0 −4 1

)
.

The first subsystem of Λ̂n can be rewritten in an equivalent
form

D2α
t0+y1 = v,

and applying

(10) v = D2α
0+yd − k1D

α
0+(y1 − yd)− k0(y1 − yd),

we get

D2α
0+e+ k1D

α
0+e+ k0e = 0, e = y1 − yd.

Taking, e.g.,

(11) k0 = 1, k1 =
1

2
,

obviously satisfying Theorem 1 for each 0 < α < 1, be-
cause σ1,2 = − 1

4± j
√
15
4 , where |arg(σ1,2)| ≈ 1.82 rad, i.e.,

|arg(σ1,2)| > απ
2 for 0 < α < 1, we make limt→∞ e(t) =

0. Since the first part of dynamics is made stable, we can de-
termine the stability of the 2nd part of system Λ̂n by studying
the stability of

(12) ȳ
(α)
2 = H̄ȳ2, H̄ =

(
0 1
−4 1

)
,

where the eigenvalues of H̄ are λ1,2 = 1
2 ± j

√
15
2 , and

|arg(λ1,2)| ≈ 1.32 rad. Thus, in order to (12) be stable,
i.e., |arg(λ1,2)| > απ

2 , the fractional order α should be less
than 0.84.

Finally, using (9) and (10), with k0 and k1 given in (11),
the control u(t) applied to system Λ, expressed in the origi-
nal x-coordinates, causing y1(t) approaching asymptotically
yd(t) for t → ∞, is the following:

u(t) = −
1

4
(D2α

0+yd + k1D
α
0+yd + k0yd + (1 + k1)x1

− (5 + 2k1)x2 + (1− k0)x3 − (3 + k1)x4),

where the sequential derivatives of yd(t) = sin t are
(
Dα

0+yd
)
(t) = sin

(
t+ α

π

2

)
,

(
D2α

0+yd
)
(t) = sin

(
t+ 2α

π

2

)
−

sin
(
απ

2

)
Γ(1− α)

t−α.

The simulation plots of system Λ and Λ̂n, for different
cases of fractional orders α, are depicted at Figures 1 - 4.

Fig. 1. Simulation results for α = 0.75. Plots of y1(t) = x3(t) of
system Λ with x3(0) = −2, and yd(t) = sin t

In the first case (α = 0.75) the output y1(t) follows
asymptotically yd(t), and the unobservable part of Λ̂n is sta-
ble.
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Fig. 2. Simulation results for α = 0.75. Plots of stable unobservable
dynamics of Λ̂n, where |arg(λ1,2)| > απ

2
that is 1.3181 > 1.1781

In the second case (α = 0.9) the output y1(t) also fol-
lows asymptotically yd(t), however, the unobservable part of
Λ̂n is unstable. It is so, because the eigenvalues of H̄ do not
belong to the allowed stability region given by (6).

Fig. 3. Simulation results for α = 0.9. Plots of y1(t) = x3(t) of
system Λ with x3(0) = −2, and yd(t) = sin t

Fig. 4. Simulation results for α = 0.9. Plots of unstable unob-
servable dynamics of Λ̂n, where |arg(λ1,2)| < απ

2
that is 1.3181 <

1.4137

Conclusions
In the article, for a linear fractional SISO control system

described by Caputo derivative, an elementary method for
asymptotic tracking by an output a desired signal was pre-
sented. Since the control design must concern the whole dy-
namics of the system, the unobservable behavior had been
also studied with respect to its stability, which is of great im-
portance. The illustrative simulations given in example em-
phasized the stability problem of both external part of dynam-
ics and unobservable dynamics of control system. Extending
of the presented method of output tracking to the MIMO frac-
tional control systems seems to be quite straightforward.
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