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Positive unstable electrical circuits

Abstract: The instability for the positive linear electrical circuits composed of resistors, coils, condensators and voltage (current) sources are
addressed. Three different classes of the positive unstable linear electrical circuits are proposed and analyzed. It is shown that positive electrical
circuits are unstable for all values of their parameters if the electrical circuit has at least one mesh containing only inductances and source voltages.

Streszczenie. W artykule rozpatrywane sg niestabilne dodatnie liniowe obwody elektryczne ztozone z rezystoréw, cewek, kondensatoréw i zrédet
napiecia lub prgdu. Analizowane sg trzy rozne klasy dodatnich obwodow elektrycznych, ktére sg niestabilne dla wszystkich warto$ci swoich
parametrow tzn. rezystancji, indukcyjno$ci i pojemnosci. Wykazano, ze dodatnie obwody elektryczne sg niestabilne dla wszystkich warto$ci swoich
parametréw jezeli zawierajg one przynajmniej jedno oczko ztozone tylko z cewek i zrédet napiecia. (Dodatnie niestabilne obwody elektryczne).

Keywords: positivity, electrical linear circuit, instability.
Stowa kluczowe: dodatnio$¢, liniowy obwdd elektryczny, niestabilnosc.

Introduction

A dynamical system is called positive if its trajectory
starting from any nonnegative initial state remains forever in
the positive orthant for all nonnegative inputs. An overview
of state of the art in positive theory is given in the
monographs [1, 2]. Variety of models having positive
behavior can be found in engineering, economics, social
sciences, biology and medicine, etc..

Positivity of linear electrical circuits has been addressed
in [3, 4]. The fractional electrical circuits have been
investigated in [5, 6]. Asymptotic stability of positive
continuous-time linear systems with mutual state-feedbacks
has been analyzed in [7] and of electrical circuits with state-
feedbacks in [8]. The robust stability of positive discrete-
time linear systems of fractional order has been addressed
in [9]. Positive linear systems with different fractional order
and electrical circuits have been considered in [10] and
positive linear systems consisting of n subsystems with
different fractional orders in [11].

In this paper the instability of positive linear electrical
circuits composed of resistors, coils, condensators and
voltage (current) sources will be analyzed. Three different
classes of the positive unstable linear electrical circuits will
be proposed. Sufficient conditions will be established under
which the positive electrical circuits are unstable for all
values of their parameters.

The paper is organized as follows. In section 2 the
preliminaries and problem formulation are given. The
positive unstable linear electrical circuits of R, L, e type are
addressed in section 3. The instability of positive linear
systems of G, C, i type are analyzed in section 4 and for
positive electrical circuits of R, L, C, e type in section 5.
Concluding remarks are given in section 6.

The following notation will be used: R - the set of real
numbers, R™" - the set of nxm real matrices, Ry -
the set of nxm matrices with nonnegative entries and
R” =R M, - the set of nxn Metzler matrices (real
matrices with nonnegative off-diagonal entries), /, - the

nxn identity matrix.

n

Preliminaries and problem formulation

Consider a linear electrical circuits composed of
resistors, coils, condensators and voltage (current) sources.
Using the Kirchhoff's laws we may describe the transient
states in the electrical circuits by state equations [2,4,12-17]

(1) = Ax(t) + Bu(t)

(™) )
y(t) = Cx(t) + Du(t)
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where x(1)eR", u@)eR™, y()eR’ are the state,

input and output vectors and Ae®R™", BeR"",

CeRP", DeRP™,
As the state variables x;(¢),...,x,(t) (the components of

x(¢)) the currents in the coils and voltages on the
condensators are chosen, the component of the input
vector u(f) are source voltages or source currents and the
components of the output vectors y(f) are currents and
voltages of the electrical circuit.

It is well-known [5, 10-13] that any linear electrical circuit
composed of resistors, coils, condensators and voltage
(current) sources can be described by the state equations

(1).
Definition 1. The electrical circuit described by the
equations (1) (shortly electrical circuit (1)) is called

(internally) positive if for any x(0)=x, %R’ and every

u(®)e R, t>0 we have x(¢t) e R and y(r)eRY, t>0.

Theorem 1. [2, 3, 5] The electrical circuit (1) is positive if
and only if

) AeM,, BeRY™, CeRI", DeRI™.

Definition 2. The positive electrical circuit (1) is called
asymptotically stable if

(3) lim x(¢) =0 forany x, e R’ .

t—0

The positive electrical circuit will be called unstable if it is
not asymptotically stable.

Theorem 2. [2, 7] The positive electrical circuit (1) is
asymptotically stable if and only if

(4) Res, <0 fork=1.2,...,n

where s, k = 1,2,...,n are the eigenvalues (not necessarily

distinct) of the Metzler matrix 4 =[a; ;1,;_, ,i.e. the zeros
J=l,...,n

of the polynomial

det[l,s—Al=5"+a, s" " +..+a;5+a,,
®) L
a, =trace A= a;;,....,ay = det[-A].
i=1

Lemma 1. The positive electrical circuit (1) is unstable if
(6) detA=0.
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Proof. From (5) and det 4 =s;s,...s,, it follows that if (6)

holds then at least one eigenvalue of the matrix 4 is zero.
By Theorem 2 the positive electrical circuit (1) is unstable. o

In the following section three classes of electrical circuits
will be presented which are positive and unstable for all
values of their resistances R, i = 1,...,qz; inductances L;, j =
1,...,q; and capacitances C;, k = 1,...,qc (shortly for their
parameters).

Positive unstable R, L, e electrical circuits

In this section a class of R, L, e electrical circuits
composed of resistors with resistances R, i = 1,...,qz; coils
with inductances L, j = 1,...,q; and source voltages e,
k =1,...,m, which are positive and unstable for all values of
R;, L; will be proposed.
Example 1. Consider the electrical circuit shown on Figure 1
with given resistances, R;,R,, inductances L,,L, and

source voltages ¢, e, .

Fig. 1. Electrical circuit
Using the Kirchhoff’s laws we obtain the following equations
di
e = (R +Ry)i, — Ryl + L l’
7) dt

d.

The equations (7) can be written in the form

i i e |

(8a) i{l}z{_l}rz&{l

dt|i, iy e |

where
_R+R, Ry ] LN
_ L L |4

@8b) A= Iy _&,B_O 1
L, L, | L,

The electrical circuit is positive for all values of R, R, and
nonzero L, L, since A€ M, and B e ‘Jﬁxz .

Note that
R+R, R | | R R
RR
(9) detd= RLI l;z -| A L;{ =1z
oo My & L

L, L, L,
From (8) it follows that
(10) det 4 =0 if at least one of R,, R, is zero.

Therefore, the electrical circuit shown on Fig. 1 is positive
and unstable for R, = 0 and all values of R, and nonzero L,
L, or for R, =0 and all values of R, L;, L,.
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Note that the positive circuit is unstable if it has at least one
mesh containing only inductances and source voltages.
Example 2. Consider the electrical circuit shown on Figure 2

with given resistances R|,R,,R;, inductances L;,L,,L;

and source voltages e, e, .

VW 00—
R1 |1 |—2
L 2k,
-
e1

Fig. 2. Electrical circuit

Using the Kirchhoff’s laws we obtain the following equations
di
e = (R + Ry)iy = Ryiy + L, i’
dt
. , . di,
11) 0=—R211+(R2+R3)12—R3z3+LZE,

d.

The equations (11) can be written in the form
i i
d €
12a —|i, |=4|i, |+B

€
4] ]
where
| R +R R ]
_mtry =2 0 1 0
L L A
R R, +R R
(2bya=| 2 _f*ls 5 p g oo
Ly L, Ly 0
0 LY & L,
i Ly L |

The electrical circuit is positive for all values of R, R,, R; and
nonzero L, L,, Ly since A€ M5 and B e iRixz .
Note that

R +R R, 0
Ll Ll
dot A = R, R, +R; R,
L2 L2 L2
(13) 3 3
R
_ 1 & 0
Ll Ll
=] 0 _Rz Ry _R1R2R3
L2 L2 L1L2L3 '
R
0 0o -=
L3

From (13) it follows that

(14) det 4 =0 if at least one of R}, R,, R; is zero.
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Therefore, the electrical circuit shown on Fig. 2 is positive
and unstable for R, = 0 and all values of R,, R; and nonzero
Ly, L,, Ly or for R, = 0 and all values of R, R;, L, L,, L; or
Ry;=0and all values of R, R, L, L,, Ls.

Note that the positive circuit is unstable if it has at lest one
mesh containing only inductances and source voltages. It is
easy to check that if two of the resistances R;, R,, R; are
zero then the matrix 4 has a double zero eigenvalue (s; = s,
=0).

Example 3. Consider the electrical circuit shown on Figure 3
with  given resistances R;,R,,R;,R,, inductances

L,L,,L;,L, and source voltages e, e,,e; .

L, L, €,
8

Fig. 3. Electrical circuit for example 3
Using the Kirchhoff’s laws we obtain the following equations

di

e = (R +Ry)iy — Ry, —Ryiy + L, d_tl’

d
0=—Ryi, + (R, + Ry )iy — Roiy + L, 2,
dt
(15) d
1
e, =—Ryiy + Ryiy + Ly —,
2 342 343 3 dt

e, +e3=—Rji; —R3i, + (R + Ry + R,)iy +L4E

The equations (15) can be written in the form

b b

dli . @
1 1
(16a) —|2|=47|+Ble,
ti I3
. . &
14 l4
where
R+R, Ry 0 R
L L L
Ry Ry+Ry Ry 0
A= L, L, L, i
0 X 5 0
L3 LS
(16b) R Ry 0 R +R+R,
L L, Ly |
L 0 0
Ll
0 0 0
B= i 0
L3
o L L
L L Ly

The electrical circuit is positive for all values of R|, R, R;, Ry
and nonzero L, L, L, Ly since Ae M, and B e ERiX3 .
Note that

R +R, & &
L L, L,
& Ry +Ry Ry 0
deta=| B2 RL2 122
0 = -3 0
L, L,
R Ry o _RERR,
(17) L, L, L,
RR
L L
o R Ko
_ L, L, _RiRRR,
0 0 - R o | Lilalsly
Ly
R+Ry R R
L, L, L,

From (17) it follows that
(18)

Therefore, the electrical circuit shown on Fig. 3 is positive
and unstable for one zero resistance and for all values of
the remaining resistances and all values of nonzero
inductances.

The positive circuit is unstable if it has at least one mesh
containing only inductances and source voltages.

Thus, in general case we have the following theorem.
Theorem 3. The positive electrical circuit of R, L, e type is
unstable if it has at least one mesh containing only coils and
voltage sources.

Proof. To simplify the notation the proof will be
accomplished for the positive circuit shown on Fig. 3 (n = 4).
The stability is independent of the inputs and we may
assume ¢, = 0, k =1, 2, 3. If R, = 0 then for the mesh
containing inductances Ly, L,, L; we have

Gy bt

dt dt

and this implies linear dependence of rows (and columns)
of the matrix 4 and det 4 = 0. By Lemma 1 the positive
electrical circuit is unstable. o

det A =0 if at least one of R}, R,, R3, R, is zero.

(18)

Positive unstable G, C, i, electrical circuits

In this section a class of G, C, i, electrical circuits
composed of resistors with conductances G,, i = 1,...,q¢;
condensators with capacitances C, j = 1,...,qc and source
currents iy, k= 1,...,m; which are positive and unstable for all
values of G;, C; will be proposed. These considerations are
similar (dual) to the considerations in section 3.
Example 4. Consider the electrical circuit shown on Figure 4

with given conductances, G,,G, , capacitances C;,C, and

source currents iy, i, .

T L
T 7"

Fig. 4. Electrical circuit

i T
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Using the Kirchhoff’s laws we obtain the following equations

. du
iy =Gy (u _“2)+C17t17
(19) du

The equations (19) can be written in the form

dt|u, u, iy
where
_ 1 1 _| &
(20b) A= ﬂ G +G, | B . L
G, G, G

The electrical circuit is positive for all values of G, G, and
nonzero C,, C, since A€M, and Be ‘Jﬁxz .

Note that

G G ||lGa

C C C GG
21) det4=| ! L= A =—Lz,
@) G _G+G| |G G| qq

C2 CZ Cl C2

From (21) it follows that

(22) det 4 =0 if at least one of G,, G, is zero.

Therefore, the electrical circuit shown on Fig. 4 is positive
and unstable for G, = 0 and all values of G, and nonzero C;,
C, or for G, = 0 and all values of G,, C;, C,. If G, = 0 then
positive unstable circuit has one node with branches
containing only condensators and current sources.

Example 5. Consider the electrical circuit shown on Figure 5
with given resistances G;,G,,G;, capacitances C,C,,C;

and source currents i, i, .

VWA
G, G,

= u, ¢, = )u, CSJ’;Usisz
1

Fig. 5. Electrical circuit to example 5

G,C

»

Using the Kirchhoff’s laws we obtain the following equations

. du
iy =(Gy +Gy)uy — Gyuy +C 727

(23) 0= —G2u1 + (G2 + G3 )Uz - G31/l3 + Cz dstz,

du
iy =—Gsuy +Giuy + Cy 7;.

The equations (23) can be written in the form

U Uy

I
=4 u, +B{°l:|
%)

Uz U

24a —
(24a) 0l U
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where
_G1+G2 i 0 |
G G E 0
1
ap) a=| G _@tG G gt o
0 G _G G
G G

The electrical circuit is positive for all values of G|, G,, G3
and nonzero C,, C;, C; since A€ M; and B e ‘.Rixz.
Note that

G +G, G, 0
G G
das| G _GtG G
G G G
0 A I
c c
(25) 3 3
6 G 0
G G
|y G G|__GGG
G G eletey
o o -9
G

From (25) it follows that
(26)

Therefore, the electrical circuit shown on Fig. 5 is positive
and unstable for G, = 0 and all values of G,, G; and nonzero
C,, C,, C; or for G, = 0 and all values of G,, G;, C;, C,, C; or
G;=0and all values of G|, G5, C,, C,, C;.

The positive circuit is unstable if G; = 0. In this case circuit
has one node with branches containing only condensators
and current sources. In general case we have the following
theorem.

Theorem 4. The positive electrical circuit of G, C, i, type is
unstable if it has at least one node with branches containing
only condensators and current sources.

Proof is similar to the proof of Theorem 3.

det A =0 if at least one of G,, G,, G; is zero.

Positive unstable R, L, C, e type electrical circuits

In this section a class of R, L, C, e electrical circuits
composed of resistors with resistances R, i = 1,...,qz; coils
with inductances L, j l,....q;; condensators with
conductances C;, k = 1,...,qc and source voltages ¢, [ =
1,...,m, which are positive and unstable for all values of
parameters will be proposed.
Example 6. Consider the electrical circuit shown on Figure 6
with given resistance R;, Conductance G, inductance L,
capacitance C and source voltage e.

Fig. 6. Electrical circuit

Using the Kirchhoff’s laws we obtain the following equations

PRZEGLAD ELEKTROTECHNICZNY (Electrical Review), ISSN 0033-2097, R. 88 NR 5a/2012



(27)

The equations (27) can be written in the form

]
(28a) =1 =4 |+Be
dt|u u

where
40,03
28b A= , B=
20 o G| "7|G
C C

The electrical circuit is positive for all values of R;, G, and
nonzero L, C since A€ M, and Be R .

From
Rl
-=1 0
(29) detd=| L _RG
0 G| LC
C

it follows that

(30) det 4 =0 if at least one of Ry, G1 is zero.

Therefore, the electrical circuit shown on Fig. 6 is positive
and unstable for R, = 0 and all values of G, and nonzero L,
C or for G, =0 and all values of R, and nonzero L, C.

Note that for R, = 0 the circuit has one mesh containing only
the inductances and source voltages.

Example 7. Consider the electrical circuit shown on Figure 7

with given resistances R;,R,, conductances G;,G,,

L,,L,, capacitances C;,C, and source

R, ly‘ ;g\i'quRz
(D % -3

inductances
voltage e.

=

MA

Gy

l

Fig. 7. Electrical circuit

Using the Kirchhoff’s laws we obtain the following equations

e= Ry +Ll%,
t

di
e=Ryi, +L,—=,
o 2 T ha
B C, du,
e=u +———,
C, d
e=u, +—222
G, dt

The equations (5.5) can be written in the form

32a) L2 =4 |+ Be
U U
Uy Uy
where
Ry 0 0 L
L L
0 —% 0 0 LL
(32b) A= 2 G , B= G2
0 o -—L o —L
Cl Cl
L G | K&

The electrical circuit is positive for all values of R}, R,, G|, G,
and nonzero L,, L,, C,, C, since Ae M, and Be ‘Jﬁ“ )
From

& 0 0 0
L
0 R 0 0
(33) detd = L2 = M
0 0 _ﬁ 0 LILZCICZ
1
0 0 0 _&
C2

it follows that

(34) det A =0 if at least one of R}, R,, G, G, is zero.

Therefore, the electrical circuit shown on Fig. 7 is positive
and unstable for at least one of resistances or one of the
conductances is zero for all values of nonzero inductances
and capacitances. If R, = 0 or R, = 0 then the positive
unstable circuit has one mesh consisting of branches with
only inductances and source voltages.

In general case consider the electrical circuit shown on

Figure 8 with given resistances R;,Ry....R,, ,
conductances  G),Gs,...,G, , inductances L,,Ly,....L, ,
conductances  C;,Cs....,C,  and  source  voltages
€01€25e5€y, -

Fig. 8. Electrical circuit.

Using the Kirchhoff's laws we can write the equations
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1.
(35) ej+eoszij+Lj7;,
k=13,...n; j=24,...,n,

which can be written in the form

(36a) imzAHJrBe
dt|i i

where
) U €
Iy Uy e B
i= L U= , e= ., B= R
B,
lnz unl enz

G R
(36b) A=dia —ﬁ,—ﬁ,...,—i,—&,—&,...,—i ,

q C3 Cn1 lQ L4 N,
% 0 ... 0 i i 0 0
1
G
=0 .. 0 € 0 1 0
BIZ C?, > BZZ L4 L4
G- N : N
“0 .. 0 1 0 0 1
G, ] L, L, |

From (36) it follows that the electrical circuit is positive for
all values of the resistances and conductances and nonzero
inductances and capacitances.

Note that

RyRy..R,, G1G3...Gnl

LL,..L, CCy..C,

(37)  detd=(-1)"*"

and the positive electrical circuit is unstable if at least one of
G,,Gs,...,G, or one of R,,R,,..,R, is zero for any

nonzero values of C,C;....,C, and L,,Ly,....L, .

n ny

From the diagonal form of the matrix 4 it follows that the
multiplicity of its zero eigenvalues is equal to the number of
zero conductances and resistances.

If at least one of R,,Ry....,R,, is zero then the positive

electrical circuit is unstable and it has at least one mesh
consisting of branches with only inductances and source
voltages.

Therefore, we have the following theorem.

Theorem 5. The positive electrical circuit of R, L, C, e type is
unstable if it has at least one mesh containing only the
inductances and source voltage.

A similar (dual) theorem can be formulated for positive
electrical circuits having one node with branches consisting
only of condensators and current sources (Theorem 4).

Concluding remarks

The instability for the positive linear electrical circuits
composed of resistors, coils, condensators and voltage
(current) sources has been addressed. Three different
classes: R, L, e type, G, C, i; type and R, L, C, e type of the
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positive unstable linear electrical circuits have been
proposed and analyzed. It has been shown that every
positive electrical circuits of the three classes is unstable for
all values of their parameters (Theorem 3, 4 and 5) if it has
at least one mesh with branches containing only coils and
voltage sources.

The considerations are illustrated by examples of
electrical circuits belonging to three classes of positive and
unstable circuits.

The considerations can be easily extended to positive
fractional linear circuits [14].

Note that in this paper only sufficient conditions for
instability of the positive linear electrical circuits have been
established. An open problem is to establish the necessary
and sufficient conditions for the instability of the positive
electrical circuits.
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