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Analysis of the Transfer-Function Models of Electric Drives with
Controlled Voltage Source

Abstract. The mathematical models of the DC and AC motors are introduced and compared. The voltage control of motor without decoupling is
considered. The flux linkage generation (rotor or stator) and electromagnetic torque are analysed. Models were unified to the transfer-function form.
Mathematically proved that the transfer-function: flux linkage to the voltage in the flux axis d is always the lag element. However, the transfer-function:
electromagnetic torque to voltage in the torque axis q can be the oscillatory or lag element with the difference. The propositions of the flux and torque
control systems are introduced.

Streszczenie. Przedstawiono i poréwnano modele matematyczne silnikdw pradu statego i przemiennego. Rozwazono sterowanie napieciowe silnikami
bez odsprzegania. Analizie poddano wytwarzanie strumienia skojarzonego (wirnika lub stojana) oraz momentu elektromagnetycznego. Modele zostaty
ujednolicone do postaci transmitancji. Udowodniono, Ze transmitancja: strumien skojarzony do napiecia w osi strumienia d jest zawsze obiektem
inercyjnym. Natomiast transmitancja: moment elektromagnetyczny do napigcia w osi momentu q moze by¢ obiektem oscylacyjnym lub inercyjnym
z rézniczkg. Przedstawiono propozycje ukiadéw regulacji strumienia i momentu. (Analiza transmitancyjnych modeli napedow elektrycznych ze
sterowanym Zrédfem napigciowym )
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Stowa kluczowe: transmitancja, sterowane Zrédto napiecia, silnik obcowzbudny pradu statego, silnik synchroniczny z magnesami trwatymi (PMSM),

bezszczotkowy silnik pradu statego (BLDC), silnik indukcyjny, sterowanie wektorowe.

Introduction

In modern drives the controlled voltage sources are
most often applied as the power supply of the electric mo-
tor (thyristor-controlled converter or voltage-source inverter)
[1,2,3,4,5,6,7].

In the aim of the synthesis of the electrical drives con-
trol system designers use the mathematical models in the
transfer-function form most frequently. The errors of the pa-
rameters identification, nonlinearities and the temperature in-
fluence (resistances of the windings) [3] are usually omitted
in these models (motor and power converter). Thus, the ad-
ditional tests of the control system robustness should be re-
alized.

In the case of AC motor signals decoupling is used,
which from one side introduces additional disadvantageous
feedbacks, and on the other side simplifies models to the first
order lag elements. [2, 4, 7, 8].

In the paper the mathematical models of the drives with-
out decoupling systems are considered.

The fundamental system of electromagnetic equations
for any electric motor is [1, 9]

. by
(1a) gS:ngs—kd;ts—kijyS

(1b)  up = Rpig + ;tR + (@™ = powm)¥,

d
(10) o = Lsig+ Luig
ER = LRZ‘R + LMiS'

where w¥ is the angular speed of rotating coordinate system
(reference frame).

Depending on motor construction (AC or DC), the
method of the supply and the coordinate system (stationary
or rotating with the rotor or stator flux) the above mentioned
model becomes transformed to the desirable form.

The complement of above mentioned equations is me-
chanical equation (for J = const. — total inertia of motor and
load reduced to motor shaft) [1, 2, 5, 8, 10]

dw,y, (1)
dt
where M, is load torque and M. is electromagnetic torque,

) J = Me(t) - Mm(t)

which depends on the reference frame [7].
In the parametric optimization of the controllers the
model of the power converter is represented as [1, 2, 3, 5]:

Ky

=Ky ™%~ ———
@) Gyls) = Kype ™ = "L

Separately Excited DC motor

Current in the excitation circuit has constant value 1,,,
which generates flux rotary linked with armature winding with
a rated value .. The electric drive (fig. 1) consists of the
controller, power amplifier being a thyristor converter, supply-
ing the separately excited DC motor.
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Fig. 1. Voltage control of the separately excited DC motor

From equations (1) and (2) mathematical model of
the separately excited DC motor according to [1, 11, 9]
is described by the following differential equations (U,, =
usd, U = usq)

dil,,
4 U,,=R,1I,, +L,,—
(4a) + g
dl
(4b) U= Rpl+Lr— +kyLuf(In)w, E=1ew
ar el m)

~ Pe
dw
(40) JE = M. — Mm7 M, = ¢eI

where f is nonlinear magnetizing curve.

The mathematical model may be presented in the func-
tional diagram form as in fig. 2, where G,(s) is the transfer-
function of thyristor static converter.

Thus, the input-output transfer-functions are in the fol-
lowing form (U = usq, U = usq, I = isq, e = Ysa):
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where
1 Ly,
(5f) B:J%, T=% Tn=%£=

are the electromechanical and electromagnetic time con-
stants.

Taking into consideration expression M, = .1, the
control of the torque with the constant flux ¢, leads to
the control of the armature current /.

The motor torque from the functional diagram (fig. 2)
equals

B 1
MP = LLR U Mm
" BTs?24+Bs—+1 JrBTSQ—&—Bs—l—l

G (s) Gai(s)

(6)

BLDC Motor

The BLDC motors require the uses of power electronic
inverters (the most often the Voltage Source Inverter) to aim
the proper realization of the commutation process. This
means, that inverter realizes the function of the commuta-
tor (electronic commutator) with the simultaneous control of
the average value of the voltage (PWM method).

The model derives for the observed motor before the
electronic commutator. Due to the principle of the motor
power supply, that is flow of current in every moment of con-
trol by 2 stator winding, we take the equivalent of resistance
and the inductance of the armature of the separately excited
DC motor [3]

r-L

R
where Rg, Lg are resistance and inductance of one stator
winding and M is mutual inductance between stator induc-
tances.

The flux produced by the motor rotor (the equivalent of
the flux linkage of armature winding for the separately excited
motor) is determined by the torque constant k; or SEM con-
stant kg :

2 2
®) e zkt\/;zk};\/;

(7) R:2R57 L:2(LS_M)7

The current I means the peak value (In = \/glNRMS,
where In,,, s is passed on rated plate or catalogue card).

Squirrel-Cage Induction Motor - RFOC Method

The position of the rotor flux linkage is the reference
frame in RFOC (Rotor Field Oriented Control) [1, 2, 3, 4, 5,
7,8,12,13]:

Yp=Lrig+ Lyig = Lyipyp,
(9) Yr _ Lr
m

g = - EZR +ig
o)
(10) gR = ‘%R| = '(/)R = LullmR| = LuimR
the reference frame rotates with the speed

dor is
7; = ppwm + d

(11) WmR = = Ppwm + w2

TRimR

Currents with reference axes oriented to the rotor flux
are presented in fig. 3.

PowWm

7 rotor axis
/
s

WmR

—
_ = rotor flux
> .
- axis

1Sa stator axis

Fig. 3. Steady-state vector diagram for RFOC method

On the basis of the equations (1),(10) and (11) is ob-
tained [5]

dim
usq = Rsiga+ (1 —0)Ls Zd E
t
(123.) di
+olLg &5d — 1SqWmR
dt o
usq = Reigg + (1 —0)Lsimrwmr
12b di
( ) +oLg <qu + idemR>
dt
din . -
(12C) TR dtLR + TmR = 1Sd
and (2) is in the form
M.
dw : T
(13) JT;” = 3py(1 — 0)Lg imprisq —Mm
——
K

The equation (12c) and its derivative is substituted to the
equation (12a), which leads to

dip
dt?
+ Rsimr — 0Lsisqwmp

ugqg = oLsTRr + (RsTr + Ls)

(14)
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or in the Laplace transform
dim

—_—
; (S) _ 1/Rsu3d + ol g{me’qu}
mh O’TRT582 + (TR + Ts)s +1

(15)

where .Z is the transform.
The characteristic polynomial of the transfer-function
(15) has always real eigenvalues (2nd order lag element):

(16) N =T;E+ T2+ 2TrTs — 40TrTs > 0

This results from the fact, that typically 0.05 < o < 0.2.
This indicates that (15) can be written in the form:

_ 1/Rsusq+ 0Tsdin,

(172) im(s) = (Tys + 1)(Tos + 1)

where time constants are
B 20T RrTs
C Tr+Ts — VD'

From (17b) it results that 77 > T5.

The signal d;,,, from equations (15) and (17a) is recog-
nised as disturbance on which control system has to be ro-
busted.

On the basis of (10) and (17a) transfer-function can be
determined

20TrTs

17b T =
(170) ! Tr +Ts + /A

2

Ly

Rs
(Tys+1)(Tas + 1

Gy
+ O’LNTS )
(Tls + 1)(T28 + 1) v

Gai

Yr(s) =

usd
)

(17c)

Assuming that ¢,,,g = const. the equation (12b) can be
written in the Laplace transforms form

_ 1/Rs(usq — LsZL{imrwmr})
olss+ 1

(18) isq(s)
After completing the equation (18) by (11) and (13) the
mathematical model is obtained in the functional diagram (fig.
4), which can be transformed to the structure in fig. 5 and
finally to the diagram introduced in fig. 6.

The transformation of the block diagram does not require
to using any decoupling system.
COROLLARY: At constant value of the current ¢,z or
flux i r the control system of the electromagnetic torque
(M.) is linear.

The motor transfer-function in fig. 6 can be described by
the following relationship:

. 1
qu(s) mBTS

1 =
(192) usq(s) BTs?2+ Bs+1

Gig =

where the coefficients are

J(Tr +Ts)
19b B= ——M =~
(196) TRTs p K

- O'TRTS
- Tr+Ts

Transfer-function (19) is in the form of (5¢) and for RFOC sys-
tem the relationship (6) is true .
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Fig. 6. Control of i, — equivalent block diagram

Squirrel-Cage Induction Motor - SFOC and DTC-SVM
Methods

The review of the most often applied methods was pre-
sented in the work [14].

The method DTC-SVM (Direct Torque Control-Space
Vector Modulation) was proposed in [15] and developed e.g.
in the works [2, 8, 16, 17, 18], where the aim of the mathe-
matical model simplification a decoupling system is applied.
Another approach [19, 20, 21] is the approximation of induc-
tion motor model to the transfer-function form.

SFOC (Stator Field Oriented Control) and DTC-SVM
methods are realized for stator flux reference frame (w* =

Wms ):

(20) Y =1sa+ jsq = [Vl = Vs
—

=0

and the mechanical equation is described in the following
form
dw,,

J—

(21) 7

3 .
= §pb7/)515q —M,y,
—
M,

Currents, voltage and fluxes with reference axes ori-
ented to the stator flux are presented in fig. 7.
Substitution (20) to (1) leads to [19, 20, 21]:

du
RrLsusq + G'LSLRWSCI = RrRsvs
d*s dips
LglLp —— L Lp)—=
(22) + oLsLy —o + (BrLs + RsLr)—
LsLn—L2

+ (Wms — Pywm)oLsLris,

and after applying the Laplace transform transfer-function of
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Fig. 7. Steady-state vector diagram for SFOC and DTC-SVM meth-
ods

the stator flux circuit is obtained in the following equation
(23a)
d’i'rn

Ts(O'TRS -+ 1)uSd —olsTRr ,f{(wms — pbwm)igq}

s =

0TRrTss?> + (Tr +Ts)s + 1

Relationship (23a) has characteristic polynomial identical as
(15), and can be described in similar form.

Ts(O'TRS + 1)
Usd
Gy
_ O'TsTR

Ga;

Vs(s) =

(23b)

To determine relationship which describes electromag-
netic torque the equation (1) is transformed to the following
form [19, 20, 21]:

(24) (RRLS + RsLR)ZSq +oLsLp W LRUSq

— PowmPsLr + (Pywm — Wms)oLsLRisq
where authors assumed that
(25) (pbwm - me)O—LSLRiSd ~ Oa Mm =0

and obtained transfer-function, which gives very good results
for motor starting and braking without load torque. In the
aim of the classical robust control [22, 23, 24] the influence
of M,, and (ppwy, — wms)isq should be assigned in motor
torque. Thus, the equation (24) after substituting (21) and
applying the Laplace transform is described by the following
relationship

(RrLs + RsLR)isq +0LsLpisq s = Lrus,

3Py Lry? poLRtbs 1
26 Pplrvs 1 — Mm
(26) B} 7 SZSCI T
+ O’LsLRof{(pbwm - me)ZSd}

After multiplication of the equation (26) by s and 2
transfer-function form is obtained

3 p2LR1/15
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(27a)

2_J S 2 1
; 3 p2p% 3 ppis
U= BT+ Bs+ 157" BTs2+ Bs + 1
SN——— ——
iq( ) Ga1 (‘5)
2 zTLszJS
3 p2epZ .
o . o 4 ‘z m m
BT+ Bs 312 {powm —wms)isa}
—_—
Gaz(s)
where
2 J(TR + Ts)RS ocTRrTs
Pp¥slRr R S

The transfer-function (27) refers to SFOC method [1, 5,
10]. And for DTC-SVM, according to (21): isq = 3 o= M.,
the relationship in the following form is obtained

J_g
M. — Pv¥s + !
¢ BT32+Bs+1 BTs?2+ Bs+1
Ghrg(s) Gar(s)
(28) oLs ¢
W s L{(pywm — wis)isa}

BTs?2 4+ Bs+1
%,—/ )
Gdg(s) dun,

The transfer-function (28) is the extension of (6) and sig-
nal d,; indicates that motor torque model is nonlinear.

PMSM

Rotor reference frame w® = pyw,, is predominantly
used for PMSM control and from equations (1) the following
equations are obtained [1, 2, 5, 12, 25, 26]:

. d
usq = Rsigq + Wsa

(29a) i PowmPsq
(29b) usq = Rsisy dﬁfq

(29¢) Ysa = Laisa + V¢

(29d) Vsq = Lgisg

(29) M, = gpb (VYsdisq — ¥sqisd)

where Ly i L, are direct and quadrature axis stator self-
inductances in rotor reference frames.
The vector position %f is identical to rotor d axis and

hence @f| = y.

Usually igq = 0 (system without field-weakening) , i.e
Ysq = ¥, and equations (29) are described in the following
form:

. d
(30) ugsq = Rgigq + % + Pywm )y
(31) sq = Lyisqg
dw,, 3 .
(32) JW §pbwf25q — My,

After substitution (31) to (30) stator equation is obtained

dig
(33) wusq = Rgigq+ Ly—— 7 L+ ppwmthy, W= ppwm
From (33) it results that induced emf equals
(34) E =wyy = ppwomiy
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On the basis of equations (32),(33),(34) block diagram of

L
PMSM can be realized as in fig. 8, where Tl = R—q is the

S
electromagnetic time constant of stator in ¢ axis.
JMm
Usq 1/Rs |isq |3 | M. 1— 1| wm 1 |am
oY | Tes+1 P O] Ts 5
E
pots

Fig. 8. Equivalent block diagram of PMSM (igq = 0)

From fig. 8 it can be noticed that electromagnetic torque
is in the form (6).

Mathematical models analysis
Flux circuit

Transfer-functions (5e), (17) and (23b) are similar and
they are always lag elements, which are subjected to distur-
bance d;,,. Dynamics (transfer-function denominator) of the
induction motor flux control circuit do not depend on refer-
ence frame (RFOC or SFOC).

The control system of the flux linkage g or ¥g is pre-
sented in fig. 9.

ldim

Gai(s)

LJr )

’l/)r(.2 f Eq

Gruls) 2wl Gy(s)

Fig. 9. Flux control system

The torque current ig, influences magnetising current
imp in RFOC system which is presented in fig. 10, where PI
controller approaches zero of the control error.

200 T ———=

3
_2 L L L L I
00, 0.1 0.2 03 04 05
o — T
0.6 ¥ ““M\f Mg
ot ImR
g04 T
i 0.2F -- —ZmRN‘f
0 ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 0.1 0.2 03 04 05 06 07 08

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

Fig. 10. Current ig, influence i,,r in RFOC

From relationship 0 TrTs < Tk + Ts models G, can
be approximated to first order lag element [27]. Thus, math-
ematical model of the motors with electromagnetic excitation
is identical to (5e).

The rotor flux of permanent magnet motors is generated
without any lag element (constant torque range — g4 = 0)

Electromagnetic torque circuit
Functional diagrams in fig. 2, 6 and 8 are similar to one
another and one can derive closely to (5) formulas. Whereas,
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SFOC and DTC-SVM methods (28) the additional distur-
bance are included d,;(s) = Z{(ppwm — Wms)isa}. From
the transfer-function G 42 (s operator in numerator) it can be
noticed that in steady-state signal d,,; does not have any in-
fluence on the electromagnetic torque.

In the case of the model, which describes signal M.,
dynamics depends on the relation between constants B and
T:

e B > 47T second order lag element,
e B < 4T oscillatory element.

Fig. 11 shows the influence of various values of the mo-
ment of inertia J (3kW squirrel-cage induction motor) to poles
location of the transfer-function G ;.

J = 0.00Tkgn? J = 0.021kgn? J = 0.063kgn?
200 EI 20 c 200 c
aﬁ -
Eo Eo Eore—e
Q
-20 2 -20 -20
-200-100 © -200-100 0 -200-100 ©
Re Re Re

Fig. 11. Poles location of G/ (s) —’0’ RFOC, '+’ SFOC (DTC-SVM)

Differences between the eigenvalues of the systems can
result from the errors of mathematical model for SFOC. Os-
cillations in the step responses of the systems decrease to-
gether with increasing .J or decreasing value of the flux ¥
or 1 (relation based on the electromechanical time constant
formula B). This means that regardless the reference frame
(w™) the mathematical model of the induction motor has sim-
ilar eigenvalues.

The electromagnetic torque control system, which is
based on the model (28) is shown in fig. 12. For remaining
cases presented system does not include transfer-function
GdQ(S).

l]\’lm lduu

Gdl(s) Gdz(s)
Me,.; e us l+ L+ M,
oM Grum(s) Lol Gar(s) >

:

Fig. 12. Motor torque control system

From the locus of eigenvalues for any transfer-function
G () results that the standard simplification of the model
to the lag element (neglecting the emf E) is not always
proper. The results of such approximation and application
of the modulus criterion are introduced in [28] and they show
large divergences between real and desired responses.

Conclusion

The generalizations of the mathematical models of vari-
ous motors and the reference frames were introduced in the
article. In spite of the construction differences of respec-
tive electric motors, the mathematical models which were de-
scribed determine the large similarity:

e The flux circuits are always non-oscillatory elements
which one can reduce through approximation to the first
order lag element.

e The voltage-electromagnetic torque relationship is the
second order transfer-function and electromagnetic 7'
and electromechanical B time constants can be de-
fined. On the basis of relationship among these con-
stants one can specify if the motor is:
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— B > 4T second-order lag with derivative element,
— B < 4T oscillatory with derivative element.

e Field (flux) weakening, that is the decreasing flux link-
age (Ygr,®s or 1.) leads to electromechanical time
constant B increases (5f), (19b) or (27b). Thanks to
what, the damping of the system increases and the
transfer-function G 5/ (s) changes the location of poles.

e The dynamics of the induction motor does not depend

on considered reference frame (W = wy,p or WX =

Wms)-

The modulus criterion [1, 2] can be applied to parametric op-
timization of the PI flux controller. Whereas modulus criterion
is also useful in optimization of the motor torque (one should
predict the errors) or to apply the general-purpose, indepen-
dent method of the model poles location [28, 29].

When controllers are designed one should test systems
robustness on disturbance signals (M,,,, d;m, d.;) and here
can be taken the advantage of robust control theory [22, 23].

It is advisable to check robustness of the control systems
considering identification errors and parameters changes of
mathematical models. One of the possibilities is applying the
Kharitonov interval polynomials [30, 31].
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