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Surface Effect on the Buckling of a Stretchable Electronic Structure

Abstract. The structure of a stiff thin film on a compliant substrate has important applications in stretchable electronics. However, such structures
are micro-nano-order of magnitude, where surface effects cannot be ignored. Gurtin-Murdoch theory is applied to model the thin film including
surface effects. Through energy method, the size-dependent relations between the buckling features, material properties and geometric parameters
are deduced. At last the influence of surface effects is illustrated by the case of silicon film and PDMS substrate.

Streszczenie. Badano strukture cienkiej warstwy natozonej na podfoze. Taka struktura moze mie¢ rzad nanometréw kiedy efekt podfoza nie moze
byc ignorowany. Zaproponowano model matematyczny struktury bazujgc na teorii Gurtin-Murdoch. (Wplyw podfoza na odksztafcenie elastycznej

struktury elektronicznej)
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1. Introduction

The structure of a stiff thin film on a compliant substrate
has important applications in microelectronics, biology,
medicine, etc. Specially, the buckling of such structure is
applied in international advanced stretchable electronics,
making controlled deformation of electronic be realized [1].
Currently, the researches about the buckling of such
structure are based on the classical plate theory [2] and do
not consider surface effects. However, in microelectronics,
such structures are micro-nano-order of magnitude. With
the reduction of dimension, the proportion of surface region
increase and surface effects cannot be ignored, which have
essential influence on the mechanical behaviors for the
whole structure.

To incorporate surface effects, Gurtin and Murdoch
proposed surface constitutive equations [3, 4], defined
surface elasticity constants and elaborated a generic
continuum model of surface elasticity. In this model, the
surface of a solid is regarded as a negligibly thin layer
adhering to the underlying material without slipping, and the
material constants for both are different. They also
supposed that the deformation of surface and bulk is
continuous. Based on the Gurtin-Murdoch theory, Miller and
Shenoy studied the scale effect of nano-rods and nano-
plate under stretching and bending, and their size-
dependent elastic properties [5]. C.W.Lima and L.H.He
studied size-dependent nonlinear response of thin elastic
films by Hamilton’s principle [6]. P.Lu etc. proposed a
general thin plate theory including surface effects, which
can be used for size-dependent static and dynamic analysis
of plate-like thin film structures [7].

In this paper, based on the Kirchhoff plate theory, the
constitutive equations built by Gurtin and Murdoch are
applied to model a stiff thin film on a compliant substrate
which includes surface effects of the film. Through energy
method, size-dependent governing equations for buckling
are deduced. And the buckling features about material
properties and geometric parameters are solved. At last the
influence of surface effects is illustrated by the case of
silicon film and PDMS substrate. In section 2, the theoretical
analysis considering surface effects are made to deduce the
equilibrium wave number, amplitude and critical condition.
In section 3, the influence of surface effects on buckling is
discussed quantitatively. In section 4, the summary is made.

2. Theoretical analysis considering surface effects
2.1 Model of a stiff thin film on a compliant substrate

An elastic stiff film is bonded to a compliant elastic
substrate without slipping, which in turn is bonded to a rigid
support. The substrate is imposed a uniaxial prestrain, but
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the film is free. After releasing the prestrain in the substrate,
the film buckles. The thickness of the film and substrate are
h and H, respectively. A coordinate system is established,
by setting the origin at the center in mid-plane of the film, as
Fig.1. The substrate is described by the small deformation
theory, while the film is described by the large deformation
plate theory. Since the length of the system (x,) is much
larger than the amplitude of buckling, this problem can be
simplified as a plane plain problem.

In the model proposed by Gurtin and Murdoch [3, 4], the
surface of a solid is regarded as a negligibly thin layer
adhering to the underlying material without slipping, and the
material constants for both are different. The non-classical
boundary conditions, the surface stress-strain relations, and
the equations of classical elasticity for bulk material together
form a coupled system of field equations. Here we neglect
surfaces thickness, as Fig. 2. The upper and lower surfaces
are S" and S (x;=+h/2), respectively. The mid-plane is $°
(xs=0). The upper surface S is free, but the lower surface S~
sustains a normal pressure P, caused by the interaction
stress of the substrate.

X3

stiff thin film

— —
— —

.0 > » compliant ¢ 0
&y —» H — &
— substrate -~
— -—

— —
— - -—

rigid support

Fig.1 Model of a stiff thin film on a compliant substrate
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2.2 Equilibrium equation and constitutive relation
The equilibrium equations without body force for the bulk
and surfaces [3, 4] of the film are given by

@) 0;,=0
2 §tiry,—05=0, S 7, +0,=PRJ,

i
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where o5 and 7, are bulk and surface stresses at S” and S".

Integrating (1) through the thickness and then substituting
(2), the equilibrium equations include surface stresses

(3) Niypsg+Th,+75,—P0;=0
where the membrane forces Ny are the integral of the

stresses oy The generalized membrane forces containing
surface stresses are defined as N;; = N,, + 7, +7,, .Then the

equilibrium equations (3) can be further written as

@) Nyy—P65=0
Assuming that both the bulk and surfaces of the film are
homogeneous and isotropic, the constitutive relation of the

bulk is expressed by

5) o, = Er £
v 1+v; v

The stress component o33 is usually assumed to be zero in
the classical plate theories. However, the surface balance
conditions (2) cannot be satisfied. To consider the
weakness, it is assumed that the stress component os;
varies linearly through the thickness and satisfies the
balance conditions on the surfaces,

(6) 0y =(053+05)/ 2+ (05 —05,)x;, [ h
It is noted that the relation (6) is also suitable for the

materials with isotropic properties. The stress-strain
relations (5) can be simplified as

E. Ve V.
7 o,=—01"|¢&,+ £,0, |+——0,0,
( ) ifp 1+Vf( 74 1—Vf w ﬂ] I—Vf 33¥ip
If the upper and lower surfaces have same material
properties, the stress-strain relations are described as [3,4,8]

+ —_—
Top =

V.

f

+1_gkkde
-V

+

Ty (505,8 + ”a,p) +2(4 — To)g;ﬂ +(7, + /10)5;511/3

®)

+ _ +

To3 = T34
where 1, is residual surface stress under unconstrained
conditions, 4,and y, are the surface Lame’ constants.

In Kirchhoff plate theory, the displacement components
are assumed to have the form

©) U, = = xS,y =

where i is the displacement components of the mid-plane.
The nonlinear strains are

(10) Eup = ggﬂ + (ua’ﬂ tugy, + umu}!ﬂ) /2

where &, are prestrains.

2.3 The interaction stress

Now we deduce the interaction stress of the substrate.
According to the stress compatibility equations V5, =0, a

stress function ¢ (x,,x;) is introduced, 6,, = ¢,;, 6,, = ¢,,,
6y, =63, =—¢,5 , With the general solutions
#(x,,x,) =[C, cosh(kx,) + C, sinh(kx, ) +
C,x, cosh(kx,)+ C,x; sinh(kx, )] cos(kx,)
By the small deformation theory, the strains are
(12) gaﬁ = (ﬁa,/f + Z:iﬁ,c{) / 2
The physical equations of plane strain are
(13) {5”,533,513} = {5'11 _‘_’55'33’533 _‘75511:2(1""75)513}/155
where E;and v, are Young's modulus and Poisson's ratio of
the substrate. And the plane strain effective modulus and
Poisson's ratio are E, =E, /(1-v}) and v, =v, /(1-v,) .From

the stress function, the stresses are
(14)

(11)
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6,, = k cos(kx,){C k cosh(kx,) + C,k sinh(kx,) + C,[2 sinh(kx,)
+ kx, cosh(kx, )] + C,[/x, sinh(kx,) + 2 cosh(kx, )]}
G, = i cos(kx,)[C, cosh(kx,) + C, sinh(kx,) + C,x, cosh(kx,)
+ C,x, sinh(kx, )]
G,, = —ksin(kx,){C k sinh(kx,) + C,k cosh(kx,) + C,[sinh(kx, )
+ kx, cosh(kx, )] + C,[ kx, sinh(kx,) + cosh(kx,)]}
By substituting (14) into (13) the strains are
&, = k(v, +1)cos(kx,){C k cosh(kx,) + C,k sinh(kx, )
+ C,[2sinh(kx,) / (v, + 1) + kx, cosh(kx, )]
+ C,[kx, sinh(kx,) + 2 cosh(kx,) / (v, + D]} / E,
&, = —k(v, +1)cos(kx,){C,k cosh(kx,) + C,k sinh(kx, )
+ C,[2v, sinh(kx,) / (v, +1) + kx, cosh(kx;)]
+ C, [kx, sinh(kx,) + 2V, cosh(kx,) / (v, + )]} / E,
&, = —2k(1+v,)sin(kx,){C, k sinh(kx,) + C,k cosh(kx,)
+ C,[kx, sinh(kx, ) + cosh(kx,)]
+ C,[sinh(kx,) + kx, cosh(kx,)]} / E,
According to (12), the displacements can be deduced by
integrating(15)
i, = (v, + 1)sin(kx, ) {C,k cosh(kx,) + C,k sinh(kx,)
+ C,[2sinh(kx,) / (v, + 1) + kx, cosh(kx, )]
+ C,[kx, sinh(kx,) + 2 cosh(kx,) / (v, + D]} / E,
i, = —(v, + 1) cos(kx,){C k sinh(kx,) + C,k cosh(kx,)
+ C,[(v, = 1) cosh(kx,) / (v, + 1) + kx, sinh(kx;)]
+C,[(v, = D)sinh(kx,) / (v, +1) + kx, cosh(kx, )]} / E,
Because the buckling mode is similar to cosine curve,
the deflection in the mid-plane of the film is assumed as
a7 u; = Acos(kx,)
The normal displacement is continuous and the shear

stress is ignored at the interface [2]. The lower surface of
the substrate is fixed, so the boundary conditions are

6,,(x,,0)=0,d,(x,,0) =u; = Acos(kx,),

i, (x,,—H)=u,(x,,—H)=0
According to (14) and (16), the constants C; can be solved
(19) C,=-4E /2k,C,=AE /2

_AE_{(¥, +1)"[2k*H? — cosh(2kH ) +1] + 4 cosh(2kH ) + 4}

(15)

(16)

(18)

' 2k(V +1){2kH — 3sinh(2kH ) + v, [2kH + sinh(2kH )]}
B AE_[2v, sinh’ (kH ) — 3 cosh(2kH ) — 1]
4kH — 6sinh(2kH ) + 2V [2kH + sinh(2kH )]

By substituting (19) into (14) the interaction stress is

P, =64(x,0)= —g(VS,H)AkES cos(kx,)

y (v, +1)’[2(kH)* — cosh(2kH ) + 1] + 4 cosh(2kH ) + 4

2(v, + D[2kH (1+V,) — (3 -V, ) sinh(2kH )]

For the thick substrate, kH is so large that the interaction
stress can be simplified as

(20) P = %Akﬁs cos(kx,) = %quuf

4

2.4 Displacement of the film
Since the system only sustains uniaxial prestrain, it is

believed that prestrains &, =&%, =0 . For the plane plain

problem, load, stress and displacement are independent of
x5, and u,=0. Assuming that there is not residual surface
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stress, 7,=0 (residual surface stress is too small to be
neglect, referring to section 3.1), the equilibrium equations
(4) can be simplified as

(21) Ny, =0

From (10) and (9), stains can be simplified as

(22) & = ‘5‘101 + ”101 + (u;l)z /2~ x3”§,11

According to (7) and (22), by replacing Young's modulus
with the effective modulus, stresses can be simplified as

o, = Ef[glol +”1o,1 + (u;),l)z /2—x3u§”11] + V033
0y, =(1/2-x,/h)P,

where the plane strain effective values are E, = E, / (1-v}) ,

(23)

v, =v; /(1-v;). From (8) to (9), surface stresses can be
simplified as

(24) rﬁ =QQu,+ /’LO)[glo1 +uy, + (”30,1)2 /2F hug,, /2]
From (23) and (24), the general membrane forces can be
simplified as

(25) N]*] =N, +Quy+ /10)[25101 + 2“10,1 + (“;)1)2]

where the membrane force is

(26) Ny, = E.hle), +u), +(u35,)* 1 2]+ Pvh [ 2

By substituting (25), (26) and (20) into (21), the
governing equations are expressed by displacements as
(27) 4(th +4u, +24, )(”§,1”30,11 + uﬁn )+ khvasu;l =0

By substituting (17) into (27) and solving the differential
equation, the in-plane displacement is obtained

(28) ul = A’k sin(2kx,) / 8 + Ag, sin(kx,)

where ¢, =-hEv, | 4(Eh+4pu,+24,) .

balance conditions on the surfaces, theng, =0.

If neglecting the

2.5 Energy of the system

The total energy of the film/substrate system contains
strain energy in the film and work done by interaction stress
of the substrate. And strain energy in the film includes bulk
strain energy and surface strain energy,

_ + ot + - o -
U, —IVO'aﬂgaﬂdV+JAS‘ Top€.4S +IS,TaﬂgaﬂdS ,

(29)
U, =, Puds
The total energy is
(30) U=U;+U,

According to (22) and (24), (29) can be simplified as
(31) U, = IV o,6,dV + J-S+ 7,,6,dS" + L, 7,,6,dS”

Considering periodicity of the total energy in x; direction, the
energy density per unit area is

k e2xik( phi2
(32) Uq =E.[o ( —h2

By Substituting (22)-(24) into (32) and integrating that, the
energy density of the system are obtained
(33)

Uy ={6(4 +2u)[4°K" + 24K (K + 48, +4¢) +16(5° )]
+ Eh[34°K + A2 Q0K +24k7" + 241°C”) + 48(5")' ]
+AKE, (12 - B*K'v, + 6hkv,g,)} / 48

If we neglect the balance conditions on the surfaces and
the surface elasticity, (33) can be simplified as
AzkEY ]:_“fh
Q= —t—
4 48

+ ot - o
O-llg]]de +Tllg]] +T]]8II +})3u3 )dxl

BAK* +242k> (K> +1260) + 48(¢0)*]

2.5 Critical analysis

PRZEGLAD ELEKTROTECHNICZNY (Electrical Review), ISSN 0033-2097, R. 88 NR 9b/2012

To analyze the critical state, the energy density is
minimized by setting oU,, /04 =0U, /dk =0 . The equations

about 4 and k are
(34) 4W*(E.h+64, +12u)k’ —WEvk® —12E. =0
2AK (E,h+ 22, +4u,) + 2k(A, +2u,)3H°K” + 8¢, +857)
+ E k(WK + 8¢, + 8] )+ E.(3— 5Kk’ /12 + 2hkv,g,) =0
From the first equation in (34), the equilibrium wave
number k., can be solved, which is independent of prestrain.
From the second equation in (34), the equilibrium amplitude
Ay is also solved, which is related to prestrain. By setting

Ae,=0, the critical prestrain ¢ is obtained. From (25) and
(26), the critical general membrane force is

(35) N = (E.h+4u, +42)¢,,

If the balance conditions on the surfaces are neglected, the

quadratic term in (34) about k£ can be omitted. If the surface
elasticity is also neglected, (34) can be simplified as

WEK -3E =0

6 A’ K’ E.h+ Ehk(Bh*k” +24€))+9E, =0
And the equilibrium wave number k., and the critical
prestrain ¢, can be solved

1, .= = 1, = =
36) k= Z(3ES 1E)", &, = —Z(3ES /E)"
They are the same as the result in the traditional analysis
[2].That is to say, the equilibrium equations (34)
considering surface effects can degenerate to the traditional

ones.

3. Discussion
3.1 Material parameters

In this section an example of silicon film and PDMS
(Polydimethylsiloxane) substrate is applied to analyze
quantitatively the influence of surface effects on buckling.
Tab.1 shows the Young's modulus, Poisson's ratio [9,10]
and their plane strain effective values. Tab.2 shows the
silicon surface elastic constants [5] and Lame’ constants
where wy=s,1/2, As=s1,. Obviously, if the surface stresses are
neglected, then uo=40=7,=0.

Tab.1The elastic constants and plane strain effective constants
E; Ve E, Vs E, v E
130GPa 0.28 1.8MPa 0.48 141GPa 0.389

s

2.34MPa

Tab.2 Silicon surface elastic constants and Lame’ constants (N/m)
S117522 S12 T01= 70270 Ao Ho

-12.190 -1.3181 0 -1.318 -6.095

3.2 Influence of surface effects
Now two models are discussed. One is the classical

model with the buckling features (36); the other is the
model considering surface stress and surface balance
where the buckling features can be solved by substituting
the material parameters into (34). In the following text, the
superscript I and II present these two models respectively.
Fig.3 shows the relation between the ratio of equilibrium
wave number k /k, in two models and film thickness #.

eq
Under the influence of surface effects, equilibrium wave
number increase. When the film thickness is less than 5nm,
such influence becomes significant. With the reduction of
film thickness, this influence still increase.
Fig.4 shows the relation between the ratio of the critical
prestrain &l / - and film thickness /. Under the influence of

surface effects, critical prestrain decrease, but the influence
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is slight. Fig.5 shows the relation between the ratio of critical
general membrane force N!/N. and film thickness #.
Because of surface effects, critical general membrane force
decrease. When the film thickness is less than 5nm, such
influence becomes significant. With the reduction of film
thickness, this influence still increase.
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140

Fig.6 shows the relation between the ratio of equilibrium
amplitude 4. /4, and film thickness % under several

eq
prestrains: &, =-0.001, &), =-0.01 and &, =-0.1. Under the

influence of surface effects, equilibrium amplitude decrease.
When the film thickness is less than 5nm, such influence
becomes significant. With the reduction of film thickness,
this influence still increase.

4. Conclusion

The governing equations about the buckling of a stiff thin
film on a compliant substrate including surface effects are
(37) and (38), whose real roots are equilibrium wave
number k., and equilibrium amplitude A4.,. For the silicon film
and PDMS substrate, when the film thickness is less than
5nm, surface effects have significant influence on the
equilibrium wave number, amplitude and critical membrane
force. With the reduction of film thickness, this influence still
increase. In other words, surface effects cannot be
neglected for such nano system.
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