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Lattice structure for parallel calculation of orthogonal wavelet
transform on GPUs with CUDA architecture

Abstract. In this paper, we present a novel approach to calculation of discrete wavelet transform (DWT) on modern Graphics Processing Units (GPUs)
with CUDA architecture which takes advantage of highly parallel lattice structure. The experimental results obtained for model signals show that the
proposed approach allows to obtain several times acceleration compared with sequential calculations carried out on the CPU while taking into account
not only time of calculations but also time required for data transfers.

Streszczenie. W artykule zaproponowano nowe podejscie do obliczania dyskretnego przeksztatcenia falkowego (DWT) na nowoczesnych procesorach
graficznych (GPUs) o architekturze CUDA oparte o wysoce réwnolegte struktury kratowe. Wyniki badan eksperymentalnych przeprowadzonych na
sygnatach modelowych pokazuja, Zze zaproponowane podejscie daje mozliwosc¢ uzyskania kilkukrotnego przyspieszenia obliczerr w poréwnaniu do
obliczeri sekwencyjnych na CPU, biorac pod uwage nie tylko czas obliczen, ale rowniez czasy przesytu danych.

(Rownolegte obliczanie ortogonalnych przeksztatcen falkowych na procesorach GPU o architekturze CUDA w oparciu o struktury kratowe)
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Introduction

The discrete wavelet transform (DWT) is widely used in
many practical applications such as signal processing and
analysis, data compression [1], clustering or data mining
[2, 3], etc. It should be noted, however, that the constant
growth of the capabilities of modern data acquisition devices
causes the continuous increase in the sizes of datasets to be
processed. Hence, it is still a very actual task to search for
more computationally efficient realizations of DWT which are
suitable for processing of one- as well as multidimensional
data. In previous years, we could observe the development
of new computational techniques for calculation of DWT that
take advantage of lifting scheme [4] or lattice structures [5, 6].
Both mentioned approaches are highly parallel and compu-
tationally efficient. However, the lattice structure based ap-
proach is highly unified and hence, we choose it as a candi-
date for implementation on modern GPU devices.

In this paper, we propose a parallel approach to calcu-
lation of orthogonal DWT on modern GPUs with CUDA ar-
chitecture that takes advantage of lattice structure proposed
in paper [5]. It is proved experimentally that the proposed
solution is several times faster than the sequential one while
taking into account not only the time of calculations but also
the time required by data transfer in both directions between
host computer and GPU card. In the last section of this pa-
per, we determine the future steps that should be performed
in order to improve the presented approach.

Lattice structure for calculation of DWT

There is a lot of approaches enabling to describe and
calculate discrete wavelet transform. The basic approach is
a filter bank. It is a one input and two outputs systems rep-
resenting filtering operations with low-pass filter A and high-
pass filter g (see Fig. 1).
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Fig. 1. Filter bank model for calculation of DWT

As a result of such filtering, we obtain two signals having
the same length as the input signal. For that reason after per-
forming calculations in filter bank, it is necessary to apply the
decimation process. In digital signal processing, decimation
is the process of reducing the sampling rate of a signal. The

decimation factor is usually an integer value greater than one
(in DWT it is usually 2).

Wavelet synthesis method presented in this paper is
based on lattice structure - a mathematical schema which
may represent various wavelet transforms [5]. The basis for
this structure is a two-point base operation D; defined as a
2 on 2 element matrix of the form (1). Then the output of a
two-point base-operation y; and y» is calculated on the basis
of two input values 1, x5 and proper factor values a;, by, ¢
and d; as y1 = a;r1 + bjxrs and yo = ¢pxq + djxo.

(1) b= % n].
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The forward lattice structure is composed of K'/2 stages
numbered by I = 1,2,...,K/2 (where K is a natural
even number), each containing D; operations repeated N /2
times, where K and N are the lengths of the filter’s impulse
response and of a processed signal respectively. On each
stage of the lattice structure pairs of signal elements are cal-
culated by D;, base operations. Each pair of the consecutive
stages are connected with each other by a cyclic /N-point
downward shift. That means that the lower input of the last
base operation in the current stage is connected to the up-
per output of the first base operation in the preceding stage.
The same approach may be used to calculate the inverse
lattice structure which is in fact the reversed forward struc-
ture where the base operation D; is substituted by inverse
operation D; ! and the mentioned shift after each stage is
performed in the upper direction. In order to calculate /2
stages while operating on N sample signals it is necessary
to perform (IN/2)(K/2) base operations D; each with two
additions and four multiplications.

The described lattice structure is used to calculate dis-
crete wavelet transform (DWT). Upper outputs of base opera-
tions in last layer will be referred to as the "low-pass outputs”,
and lower outputs will be referred to as the “high-pass out-
puts”. The main problem in parallel implementation of such
algorithm is the mentioned shift of base operations after each
stage.

Factorization of orthogonal DWT into lattice structure
Two-channel filter bank which fulfills the orthogonality
condition (perfect reconstruction condition) can be factorized
into a forward lattice structure with use of scheme depicted
in Fig. 2. In order to achieve it, it is necessary to use sym-
metrical C; and asymmetrical S; base operations, defined as
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Fig. 2. Building scheme of forward lattice structure
follows:
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forl = 0,1,...,K/2 — 1. The determinant of C; matrix is
denoted as det(C;) and equals:

det(cl) = —al2 — b12 =—1.

In the second case forward base operation .S; and the inverse
base operation S, ™! are defined as follows:

a b —1 a; —b
s=[ 5 alse=[n ]
Both presented orthogonal base operations may be chosen
for filter bank factorization. Next step in factorization algo-
rithm relies on finding the recursive dependence between im-
pulse responses for filter pairs Hy;, Gy and Hyr o, Gpr—o,
where M = K, K — 2, ..., 4. This recursive dependence ob-

tained directly from the form of the forward lattice structure is
presented below:

havrov—1 hoarav—2 havoi hao —C
= Cunyo
gM,M—-1  GM,M—2 gM,1 gM,0
gM—2,M -3 gM—-2,M—-4 GM—-2,M—5 *** GM—2,0 0 0
0 0 hy—2,m-3 - hapr—2,2 havr—21 ha—20

Now finding the elements of filters Hy;_o, Gas—2 and
base operation C) /2 is necessary. Performing few mathe-
matical operations, including multiplications, reducing by two
elements the length of considered filters and continuing re-
cursively this process of reduction of the lengths of consid-
ered filters for M = K, K — 2, ..., 4 may finally result in ob-
taining the base operation C}, for each of the stages, except
for the first stage of the considered factorization. In order to
obtain the elements of the base operation in first stage it is
necessary to use the equality which holds for D4

ci di 0 0| _ | g21 920 O 0
0 0 a b 0 0  hoi hap

what completes the factorization.

Implementation of lattice structure

In the experimental part of this paper, we concentrate on
the case of two-dimensional data (e.g. images). However,
taking into account an assumption of the separability of DWT,
which is usually taken in practice of digital signal processing,
it is possible to calculate DWT in the cases of any dimension-
ality of input data using the well known row and column ap-
proach. It should be also noted that such approach requires
only the effective implementation of one-dimensional DWT.
Moreover, for the purpose of calculation of DWT for more
than one level of data filtering, we use the Mallat's scheme
[7] which consists in applying at each level both low-pass and
high-pass filters to the output of low-pass filter calculated at
the preceding level.

It should be noted that the lattice structure described in
previous sections is highly parallel. It is understood that at

each stage all base operations can be calculated in a paral-
lel mode. However, the write-before-read dependence be-
tween consecutive stages requires additional synchroniza-
tion. The other issue is the mentioned cyclic shift of data
between stages.

In the proposed implementation of one-dimensional
DWT for CUDA architecture, we assign an arbitrary number
of threads (typically 32 threads) to one input vector. These
threads are responsible for calculation of outputs of base op-
erations D, in the following stages of lattice structure. Each
thread handles some number of base operations D; result-
ing from the uniform assignment of N/2 operators to avail-
able threads. Since threads operating on the same input
vector are executed in one block, it is simple to synchro-
nize their work between consecutive stages using standard
__syncthreads() function. In order to solve the data shift issue,
we introduce an additional memory buffer of the same size NV
as input vector, which allows for full flexibility of data handling
between stages. Then it is enough to decrement indexes of
outputs of operators D; at each stage. Moreover, the addi-
tional buffer allows for convenient allocation of outputs of the
last stage where the following order is desired: low-pass and
high-pass outputs should be placed in the lower and upper
parts of the buffer respectively.

In case of GPUs calculations the best performance can
be achieved while executing a lot of arithmetic operations on
the same dataset. Only then the acceleration resulting from
parallel calculations can compensate time required by data
transfer between host computer and GPU device. Hence, in
the proposed approach, we assume that implemented one-
dimensional DWT operates not on a single but on a big num-
ber of input vectors. Then the following vectors are processed
inside different blocks. If the number of available blocks is not
high enough then vectors are grouped into sets of appropri-
ate sizes and then they are processed with use of separate
kernel calls.

Experimental results

For experimental verification of the suitability of lattice
structure for calculating DWT on GPUs with CUDA archi-
tecture several experiments involving two-dimensional model
signals were performed. The case of two-dimensional data
is very popular in practical applications since it concerns the
tasks of image processing and analysis. However, as it was
mentioned in previous section of this paper, the proposed im-
plementation of DWT can be used to operate on data with
any dimensionality.

For the sake of comparison the conditions under which
we performed the experiments were established in the way
that would be most similar to the conditions described in
paper [8]. The authors of the mentioned paper proposed
CUDA based implementation of two-dimensional DWT (only
Haar wavelets) with application to data clustering. Hence,
we used datasets composed of two-dimensional randomized
square images containing the particular number of black,
round spherical clouds of random points. Exemplary results
in the form of plots presenting times of calculations performed
on host computer (CPU) and GPU are shown in Figures 3
and 4. The experiments were carried out for several values
of N (where N describes the size of image with NV on N pix-
els), four levels of filtering and two different orders of filters
6/6 (see Fig. 3) and 10/10 (see Fig. 4).

Moreover, all experiments were conducted on a Win-
dows laptop computer equipped with NVIDIA GT720M 2GB
RAM Graphics Processing Unit and Intel i5 Central Process-
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Fig. 3. Experimental results obtained for two-dimensional signals

with four levels of filtering and filters of order 6/6
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Fig. 4. Experimental results obtained for two-dimensional signals

with four levels of filtering and filters of order 10/10
ing Unit (2.60 GHz, 8 GB RAM).

Table 1. Times ¢+ required for data transfer in both directions be-
tween host computer and GPU device (for two-dimensional datasets
with sizes N on N elements)

N 512 1024
tir [Ms] | 1.41632 | 4.51503

2048
16.38880

4096 8192
64.7688 | 256.102

It should be noted that time of calculations is not the
only criterion that should be taken into account while com-
paring the effectiveness of algorithms implemented on GPU
and CPU. In order to perform calculations on GPUs, we have
to send variables between host computer and device memo-
ries which also requires a significant amount of time. Table
1 presents exemplary amounts of time needed to send vari-
ables between CPU and GPUs.

After an analysis of results depicted in Figures 3 and 4,
we may come to an undisputed conclusion that parallel imple-
mentation of discrete wavelet transform on GPU device with
aid of lattice structure is more efficient and faster than calcu-
lations performed on host computer using the same structure.
This advantage is more visible for large datasets. For exam-
ple with dataset size 512 on 512 points GPU is at about 1.3
times faster. But when the size grows up to 8192 on 8192
points the speed up reaches the level of 2.71. The peak ob-
served value was at level of 4.

The results presented in Table 1 allow to estimate the
contribution of data transfer time. In the performed experi-

ments it was at the level smaller than 10% of the total mea-
sured times.

It is also worth noting that the experiments where per-
formed on a typical low budget device, not the most powerful
GPU card available. In future scientific work, the authors plan
to use one of the most powerful GPUs compatible with CUDA
architecture in order to check the possible gain in time of ex-
ecution.

Conclusion and directions of future research

It can be seen from the obtained results (c.f. Fig. 3, 4)
that the proposed approach to parallel calculation of DWT for
GPU devices with CUDA architecture allows to obtain signif-
icant (almost threefold) acceleration of calculations in com-
parison to calculations performed on host computer in a se-
quential way. Hence, we can state that the lattice structure
based DWT algorithm is suitable for parallel realizations on
parallel architectures.

Moreover, we can state that further development of mas-
sively parallel algorithms for solving various data process-
ing problems will undoubtedly have a significant influence
on such scientific areas as computer vision and recognition,
medical ultrasonography, computer tomography or data com-
pression, etc.
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