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Mathematical modeling of real time wind power density using
the transformation technique

Abstract. Wind power density function and cumulative density function are very essential for evaluating the region's wind resource capacity. To
specify the wind speed density functions, six probability density functions are considered in this study. This study suggests a transformation
technique to develop a wind power density model predominantly from well-known dfs, namely, the Weibull, Gamma, Burr, Dagum, Logistic and Log-
Logistic. The wind power density and cumulative density functions are derived by means of the transformation technique for all the above mentioned
distributions as well as the power density and cumulative density function curves are plotted. The maximum likelihood approach is used to estimate
the parameters of various distributions. The Kolmogorov-Smirnov test, Anderson-Darling test, and Chi-Squared test are used to evaluate and
compare the quality of the goodness of fit. A case study including wind speed data from multiple locations demonstrates the mathematical model in
action. Among the six statistical distributions shown above, the Dagum probability density function looks to be the most consistent.

Streszczenie. Funkcja gesto$ci mocy wiatru i funkcja gestosci skumulowanej sg bardzo istotne dla oceny potencjatu zasobéw wiatru w regionie. Aby
okresli¢ funkcje gestosci predkosci wiatru, w niniejszym opracowaniu uwzgledniono sze$c¢ funkcji gestosci prawdopodobieristwa. Niniejsze badanie
sugeruje technike transformacji stuzacg do opracowania modelu gesto$ci mocy wiatru gtéwnie na podstawie dobrze znanych DFS, a mianowicie
Weibulla, Gamma, Burra, Daguma, Logistic i Log-Logistic. Za pomocg techniki transformacji dla wszystkich w/w rozktadéw wyprowadza sie funkcje
gestosci mocy wiatru i gesto$ci skumulowanej oraz wykresla sie krzywe gesto$ci mocy i funkcji gestosci skumulowanej. Do oszacowania
parametrow roznych rozktadow stosuje sie podejscie najwiekszej prawdopodobieristwa. Do oceny i poréwnania jako$ci dopasowania stosuje sie test
Kotmogorowa-Smirnowa, test Andersona-Darlinga i test Chi-kwadrat. Studium przypadku obejmujgce dane dotyczace predkosci wiatru z wielu
lokalizacji pokazuje dziatanie modelu matematycznego. Sposréd szesciu rozktadéw statystycznych przedstawionych powyzej funkcja gestosci
prawdopodobienstwa Daguma wydaje sie by¢ najbardziej spéjna. (Matematyczne modelowanie gesto$ci mocy wiatru w czasie rzeczywistym z
wykorzystaniem techniki transformacji)
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Introduction where A is a blade sweep area and p constant value of air

The consumption of wind energy resource plays a vital
role in energy supply presently throughout the world as it is
cost effective and readily available. It's a fresh fuel source
available in the natural form. Wind energy doesn't pollute
the air like power plants that trust on burning of natural gas,
for instance coal, fossil fuels which discharge particulate
matter, sulphur dioxide(SOz), and nitrogen oxides(NO) —
causing human health issues and commercial damages.
The harvesting of the wind resource is done by human
being for several decades. Since, old Holland to the farms
in the United States, windmills have been used for grinding
grain and pumping water. Nowadays, the windmill's recent
equivalent - awind turbine— can be used to convert
the wind's energy to produce electricity. A windmill is a mill
that transfigures the wind energy into revolving energy with
the practice of vanes called blades or sails. Times ago,
windmills typically were used to mill grain (gristmills),
pump water (wind pumps), or both. Thus, to take benefit of
this spontaneously accessible energy source, an enormous
quantity of investigation has remained accompanied toward
the progress of a precise and consistent wind energy
valuation model using various dissimilar methodologies.

The thorough understanding of wind features in a
particular zone is required for an effective utilization of wind
energy. The density function of wind speed is typically
designated by its PDF (probability density function).
Formerly, the energy density E is expressed in terms of
W/m? for a precise wind station and a wind turbine could be
attained by means of the power curve and by the wind
speed PDF. To figure out the obtainability of the wind
power in a particular zone, the power equation formula is
given as:

) PW(X)=%ApX3

density. Using this wind power, one can calculate the mean
wind power of that area using the equation:

) FT:TPW(X)f(x)dx

When considering the Betz's law of power coefficient Cy,
the power equation will become

G) P, (x)= TApxIC,(.p)

where Cp(l,ﬂ) is the power coefficient value. Thus it is

necessary to implement several calculations to find the wind
power using the above equation (3). Hence to avoid those
calculations, we have used the transformation method to
get the wind power from the perceived wind speed data.
Thus it is being established that the proper information
about the PDF of wind speed is needed to evaluate the
wind energy potential [1]. In this regard, many researchers
have evidenced that the Weibull distribution function has a
substantial part in the area of wind energy application [2].

Related Works

The PDF of Weibull distribution is used to evaluate the
wind power for innumerable regions [3]. Also to verify the
performance of wind power this Weibull pdf is used as an
estimation model [4]. On the other hand, it is not possible
to model the Weibull pdf for all the wind regimes. Alavi et
al. [5] have introduced a new distribution function called
Nakagami in the field of modelling the wind speed data.
Out of eight different distributions they have evaluated, the
Nakagami PDF provided the best fit in 2 stations though in
the remaining 3 stations it ranked 3“to 5". Thus they have
concluded that the Nakagami distribution is an effective
distribution among the eight distributions they have
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examined. Nedaei et al.[6] have analysed over 46 existing
PDF’s and concluded that the Wakeby PDF has given the
better performance in fitting the observed wind speed to the
theoretical wind speed in the region of Shurje, Iran. They
have analysed from the moment ratio diagram that the log
Pearson type |Ill, Kappa, and Generalized Gamma
distributions provide the best fit in that region. Arslan et al.
[7]1 have introduced two new distributions, Generalized
Lindley (GL) and Power Lindley (PL) in the field of wind
speed modelling. Also they have compared these two
distributions with Weibull distribution and proved that the GL
distribution offers the finest fitting to the wind speed data in
the region of Turkey.

Transformation Technique To Derive Wind Power

As we discussed above the wind power can be
assessed from the wind speed data using the power
equations (1)-(3). Wind power evaluation using these
equations, needed some engineering aspects, such as the
rotational speed, the turbine blade’s angle of attack, and the
parameter of the pitch angle of wind turbines [8]. To
overcome this Masseran [9] has adopted an alternative
technique of transformation of random variables. Let P =
h(X), where X is an arbitrary variable for wind speed data

and f, (X)is PDF of X. Then the power PDF can be
resultant by

“) nw):u®lwq”:$””

=0 , otherwise
Lety - La,.
) P
Then from the equation (1), we get P = uX*
H d _ 1
ence a(h '(p))= T

Thus by substituting this in equation (4), we can derive the
wind power PDF f ().

Statistical Analysis Methodology

The analysis of the quantity and quality of the energy is
created on the ability of the PDF to designate the observed
wind speed incidences distribution [10]. Though we have
various PDF’s, very few are suitable for the physical data.
In this study, the selected six distributions which are more
relevant to the purpose are Burr, Dagum, Gamma, Log-
Logistic, Logistic and Weibull. The parameters[11] of the
above distributions are assessed using the Maximum
Likelihood Estimation (MLE). The probability density
function of those six distributions and their power density
and cumulative power density functions are obtained after
applying the transformation method.

Results And Discussion
Description of Data

The real-time datasets were obtained from the National
Renewable Energy Laboratory, which is operated by the
Alliance for Sustainable Energy for the U.S. Department of
Energy. The hourly data of October—December 2006 of six
different wind farms have been used.

For the data from all these stations, six different
distributions are evaluated and compared. The parameters
of those density functions are calculated by the Maximum
Likelihood Estimation. Table 1, provides the parameter
values of the density functions for all the six distributions.

Performance Metrics
The Kolmogorov-Smirnov statistic (KS) test, Anderson
Darling (AD) test and Chi-squared test are used to analyse

the best fit among the six distributions. All these three
performance metrics are computing the difference between
the experimental and the theoretical data.

The Kolmogorov-Smirnov test statistic for a given theorized
cumulative distribution function Y(x) and experimental
distribution function Y, (x) is given as:

(5) D, = Sup|Y, (X) =Y (X)|
X
where SUP is the supremum of the set of distances.

X
Table 1. Parameter estimation using the MLE

STATION Burr Dagum | Gamma | Logistic Log-Logestc Wesbull
k=710.20 | k=0.18021 | 0=6.040¢| o a=1.0080E+8 | 0=2.3435
Station 1 |a=2.8277 | 0=1027 |B=1.1538 | =1.5514 | B=17707E+8 | B=7.8114
B=04.221 p=0.8838 | v=-1.7707E+8
=0.0515
k=1120.5 | k=0.15307 | a=0.8478 | o© a=8.1102E+5 | 0=2.5738
Station 2 | 4=2.0030 p=1.2024 | =1.8781 | B=16133E+8 | p=10.133
B=113.30 | 0=12.775 p=8.6792 | v=-18133E+8
p=13.321
k=1032.1 | k=0.2041 | a=5.0584| o a=31442 a=2.4472
Station 3 |0=2.8380 | 0=0.2086 | p=1.5401 | =20728 | p=60.152 | p=10.4
B=143.00 | B=13.500 p=0.1768| v=-80.073
k=645.20 | k=0.12708 | @=0.1230| o© a=416.04 0=2.4843
Station 4 |a=2.7024 | 0=1383 | p=1.4508 | =1.0014 B=88362 B=10.119
B=110.08 p=8.0384| v=870.7
B=13.054
k=1045.7 | k=0.21288 | @=5.5717| o© a=42.418 0=2.2435
Station 5 | 4=2.5237 §=18705| =21857 | p=07221 | p=10.685"
B=185.43 | 0=5.7208 p=0.3578 | v=-87.938
p=13.607
k=700.83 | k=0.14421 | a=6.7247| © a=53000E+8 | 0=2.331
Station 8 | a=2.5880 $=1.5800 | =20855 | B=1.1018E+0 | B=10.283
B=134.16 | a=12.221 p=0.0505 | v=-1.1016E+0
p=13.022
Table 2. Results of goodness of fit for various distributions _
Station Distnbution K-S test AD test Chi-squared
test
Bur 0.0577! 13.32 132.41
Dagum 0.02040 1.342 16.02
Gamma 0.09188 45100 32281
Station1 Logistic 0.04334 11.274 119.23
Log-Logistic 0.03386 8.2368 05.408
Weibull 0.04228 6.0837 78.228
Burr 0.02073 15.000 1117
Dagum 0.04218 13.046 83.77
Gamma 0.05628 78.50 355.85
Station 2 Logistic 0.0481 2462 153.3
Log-Logistic 0.0312: 13.280 62.809
Weibull 0.0480 24.236 206.48
Bur 0.0270 10.083 160.81
Dagum 0.05524 16.319 260.82
Gamma 0.05155 51.654 32587
Station 3 Logistic 0.04051 20572 242.83
Log-Logistic 0.02334 15.356 37.71
Weibull 0.02303 11.578 7448
Bur 0.03535 14.017 27.47
Dagum 0.0838 5.034 245.83
Gamma 0.05680 62413 310.85
Station 4 Logistic 0.05745 35.151 253.01
Log-Logstic 0.08706 05.400 515.48
Weibul 0.03511 12.07 137.08
Burr 0.02300 13.01 221.00
Dagum 0.0437 8.261 210.40
Gamma 0.05427 63.48 480.12
Station 5 Logistic 0.04807 18.113 251.12
Log-Logistic 0.03952 10.323 215.12
Weibull 0.05718 27.655 344,71
Bumr 0.04068 20.705 248,
Dagum 0.03774 6.0715 101.2
Gamma 0.07254 8B.777 584,
Station 8 Logistic 0.08318 33515 284.78
Log-Logistic 0.05282 10.003 221.20
Weibull 0.0454 24.13 347.85
The Anderson-Darling test statistic for a given

hypothesized distribution function Y(x) and experimental
cumulative distribution function Y,(x) is given as

(6) D :nT(Yn(X)—Y(X))Zd
Y- Y(x)

Y (x)
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The Chi-squared ( ;(2) test statistic for the observed

distribution function O(x) and the expected cumulative
distribution function E(x) is given as

2 - (O - E; ’
7) P =;( (XI)E.(X)(X))

The results of goodness of fit tests are shown in
Table 3. From Table 3, the distribution which is having
minimum test statistic is identified as the best model for the
wind speed distribution for each station.

In both the plots, X axis represents the wind power
(W/mz) data. The Y axis of power density function curve
represents the power density which varies from lowest to
highest possible values and of cdf curve represents the
cumulative density function which is varies from zero to one
as it moves from left to right on the horizontal axis.

Figure 1 and 2, represent the best fitted wind power
density curves and cumulative power density curves
respectively for all the stations. The real time wind data is
provided by the National Renewable Energy Laboratory
(NREL).

Station 3
‘Wind Power Density derived
from Burr PDF

Station 1
Wind Power Density Derived
from Dagum PDF

Station 2
‘Wind Power Density derived
from Log-Logistic PDF
L00E03 gy
0.000012

0.00001

0.00012
0.0001 4
2 0:00008

B.00E04

2z Z 600804 Zp,000008
£ 0.00006 °
- & amoeos $o.000006
0.00002 200E04 o
[} - 0.00E400 & ¥
0 500000 1000000 1500000 0 400000 800000 0
Power (W/m) R S
Power (W/m) Power (W/m)
Station 4 Station § Station 6
Wind Powrrll]_ensll!' derived ‘Wind Power Density derived Wind Power Density derived
from Weibull PDF from Dagum PDF from Dagum PDF
oz - 0.00007 0.00005
o.00008 |
0.000015 w0005 3 :
z é o000s 8 Z 0.00003
E om0 y H
H 000003 3 o002
0.00002
0.000005 e 0.00001
0 L] U]
0 500000 1000000 1500000 0 500000 1000000 1500000 0 1000000 2000000
Power (W/m?) Power (W/m’) Power (W/m?)

Fig.1. Power density function for each station

Fig.2. Cumulative power density function for each station

Conclusion

In this article, a comparison case study have been
conducted to fit the best mathematical model for the wind
speed data observed from the stations. To derive the
theoretical wind power density function from the observed
wind speed data, the transformation technique has been
suggested. The speculative wind speed density fits well with
the histogram of observed wind speed data. Evaluations and

comparison of six different distributions for various wind
speed data have been done in this study. A proficient
method called MLE was proposed to evaluate the
parameters of those distributions. The goodness of fit is
tested using the KS statistics, AD test and Chi-squared test.
The results shows that a particular distribution function
cannot be recommended for all the surveyed stations. From
Table 2, a comparison between the six distributions and the
three goodness of fit tests (KS statistic test, AD test & Chi-
squared test) reveals that the Dagum distribution function is
the best modal to the wind speed data for the station 1 and
station 6. Whereas for station 5, the Dagum distribution
provides a finest fit according to AD test and Chi-squared
test. However the KS statistic test gives the third rank to the
Dagum distribution PDF for that station. The Log-logistic
distribution offers the best fit to the station 2 according to AD
test and Chi-squared test. Similarly the Burr and Weilbull
distribution PDF’s are the appropriate model for the wind
speed data of the stations 3 and 4 respectively. Overall, this
study showed that the Dagum distribution is more applicable
to model the wind speed data since it gives the best fit in
three stations and ranked in good position in other remaining
stations. The scope of the statistical model using the
transformation technique with other distribution functions can
be carried out and performance metrics can be estimated in
real time applications.
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