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Fuzzy approach with t-norm arithmetic to analyze measurement
uncertainty - concept and algorithm

Abstract.

The paper shows algorithms for determining uncertainty using methods A and B in the fuzzy set model. The compounding of type A

uncertainty with a systematic component of a data is given as an arithmetic sum.

Streszczenie.

W pracy pokazano algorytmy wyznaczania niepewnosci metoda A i B w modelu zbioréw rozmytych. Sktadanie niepewnosci typu A

ze skiadowa systematyczna dane jest suma arytmetyczna. (Analiza Niepewnosci Pomiaru w Modelu Zbioréw rozmytych z arytmetykg opartg na

t-normach - koncepcja i algorytm)
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Introduction

In accordance with the recommendations of the ,Guide
to the Expression of Uncertainty in Measurement” (in short
GUM [2]) estimation methods of uncertainty can be divided
into two groups depending on the source of information: A —
series of repeated measurements treated as a random sam-
ple of a certain distribution, B — other sources of information
which form the basis of expert analysis. The implementa-
tion of these recommendations is possible in both probabilis-
tic and fuzzy sets models.

The uncertainty estimation method A assumes that the
measured quantity is a random variable whose distribution
and parameters can be estimated from the measurement
data treated as a sample of a random variable represent-
ing the measurement process. Statistical methods provide
estimators of the probability distribution of a random variable
as well as estimators of distribution parameters such as the
expected value, median, standard deviation or confidence in-
terval of these estimators. In order to construct a fuzzy set
uncertainty model, it is proposed to use a transformation from
probability to possibility to construct fuzzy variable distribu-
tion and « cuts of fuzzy sets estimators. We have proposed
such a transformation in previous papers [5, 6, 8].

Method B consists in determining, on the basis of ex-
pert knowledge on measurement system, an a priori distribu-
tion of errors. The probability distribution determined in this
way describes the decision-making process of choosing this
a-priori distribution, but it does not represent the random pro-
cesses taking place in the measurement system. The metrol-
ogist’s choice of a probability distribution to describe B-errors
is not equivalent to obtaining an empirical distribution from
a data series. The choice of the distribution is a view, not
an empirical experience, and fuzzy sets have been created
to mathematically describe the views. Fuzzy sets were pro-
posed precisely to build a mathematical model describing the
aggregation processes of various empirical inaccurate data,
and the fuzzy variable distribution function describes the pro-
cesses of expert analysis rather than an error probability dis-
tribution. Therefore, fuzzy set mathematics has tools appro-
priate for describing B-type errors.

In our opinion, the application of the probability theory
based on an additive measure to type B errors is unjustified,
because the decision-making process is not a random pro-
cess, but the choice of a better solution as described by the
maximal measure.

Method A is based on the assumption that the measure-
ment data can be treated as a random sample of a stochastic
process representing random phenomena in the tested ob-
ject and measuring instruments.
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A combination of both methods is possible in fuzzy sets
if we assume a probability-to-possibility transformation that
transforms the extended probability uncertainty into the ra-
dius of the corresponding —« cut of the fuzzy set represent-
ing the measurement results.

In this paper, we assume that the probabilistic model
differs from the fuzzy model in the property of a measure
describing measurement errors: in the probabilistic model,
the probability distribution measure describing observed data
dispersions is an additive measure, while in the fuzzy model,
the possibility of occurrence of these data is described by a
maximal measure.

Measurement

Measurement one can define as a process of assigning
values, most often numbers to the objects, what is described
as a mapping:

(1) d:Q—R,

where () is a set of measurable objects of reality, ® is a map-
ping which represents the measurement scale, R is the sets
of reals that represent values of measured quantities.

The equation (1) can describe both an ideal measure-
ment (with no errors) and a measurement whose result is
inaccurate. This equation can be looked at in several ways:

1. the measurement is an ideal when the measurement re-
sult is represented by one number,

2. the equation (1) defines a random variable, then the re-
sult of the measurement is represented by the distribu-
tion of the random variable,

3. the equation (1) defines the fuzzy variable([8]), the distri-
bution of the fuzzy variable value is defined by the mem-
bership function of a fuzzy set - i. e. a fuzzy set,

— The measurement in the interval representation is a
special case of a fuzzy variable model when the mem-
bership function has a uniform distribution over a inter-
val (rectangular distribution).

In the probabilistic model, the measurement mapping ®
is a random variable with normalized and additive measure,
while in the fuzzy set model, ® is a fuzzy variable with a
possibility distribution which is normalized and maximal mea-
sure. The ideal measure is if the distribution is one-point,
where the distribution can be both the point distribution of
probability and the point distribution of possibility.

Measurement at the interval scale can be described as a
special case of fuzzy distribution when the distribution is uni-
form over a compact section (within the interval), i. e. when
the membership function (the fuzzy set) is a characteristic
function of the interval. Uniform probability distribution does

217



not impose isomorphic arithmetic with interval arithmetic .
For example, the distribution of the sum of two independent
random variables with the same uniform distribution has a tri-
angular distribution. According to arithmetic, the interval sum
of the intervals is an interval, i.e. the sum is described as a
uniform distribution. This is only possible if the added random
variables are closely correlated.

Measurement error
Within both the probabilistic and fuzzy model, the mea-
surement can be described by the equation:

(2) X:x0+(5X

This equation means that there is a number z that char-
acterizes an ideal measurement, but due to measurement er-
rors that always occur the result of the measurement is differ-
ent from the true value, this value of difference we call error
0. The value of x is called the true value.

The error 6 X is not known but we describe it with the
error distribution function. Such a distribution function should
have mathematical properties adequate to describe the phe-
nomenon describing the mechanisms of error generation. In
the literature, two mathematical models can be found de-
scribing measurement data dispersion and measurement in-
accuracies: probabilistic and fuzzy sets. These models differ
in the property of the measure we use to determine the dis-
tribution of errors. The probabilistic measure is additive but
the measure of possibility (which is the basis of fuzzy sets)
is maximal [4, 8]. These models differ in their interpretation
of the mechanisms of error generation. In the probabilistic
model, the measurement is understood as a draw, with a cer-
tain probability distribution from a set of values of a random
variable representing the measured quantity.

In the fuzzy set model, we do not deal with the process
of randomized trial from the sample space [8]. Measurement
consists in comparison the measured value with the value
of the standard. From the point of view of fuzzy set theory,
the measure of possibility describes the degree of possibil-
ity (membership function) in which the standard represents
the object under study. The measure of matching the pat-
tern to the object should represent this matching process. If
the object under study is subject to random fluctuations, it is
natural to use a probabilistic additive measure to describe
this phenomenon. If we do not observe such fluctuations
and estimate the uncertainty using an expert method based
on knowledge of the measurement system, we will describe
the process as a maximal measure. A maximal measure de-
scribes the process of choosing the best, and that’s usually
how experts work. The membership function describes the
extent to which the pattern represents the object under study
and the extent to which the value of the measured quantity
represents the object under study. Estimating the degree of
possibility requires the use of general knowledge in a way
that is called expert knowledge.

In papers [6, 8] there was proposed transformation from
the probability distribution into a fuzzy set that retains the
value of the extended uncertainty. This transformation gives
an equivalence relation of two different approaches to the
construction of a measure of the distribution of measured
quantities and measurement errors (fig. 1). The proposed
transformation transforms the probability distribution into a
fuzzy set so that the extended uncertainty calculated for the

Tthe property of interval arithmetic is obtained if the systematic
error is described as a stochastic process with constant values and
strong autocorrelation
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probabilistic model equals the uncertainty in the fuzzy ap-
proach. Figure 1 shows qualitatively the probabilistic dis-
tribution and the fuzzy set. The confidence interval [a, b]
at p is defined as the interval that satisfies the condition
P(X € [a,b]) = p. The probability to possibility transfor-
mation assumes that the condition [Ax]* = [a, ] is fulfilled
(see below).

A

Fig. 1. The probability density distribution fx (x) of the random vari-
able X and the probability distribution A x (z) of the fuzzy variable.
The interval [a, b] is the confidence interval (on the left) and the a-cut
of the fuzzy set Ax (on the right)

Fuzzy variable

In the original concept, Zadeh did not construct a fuzzy
set as a distribution of a fuzzy variable. The fuzzy variable
approach was proposed by Nahmias [4], proposing a struc-
ture for the definition of fuzzy measures analogous to the ax-
iomatics of probabilistic theory. In this approach the mea-
surement mapping (1) is treated as a fuzzy variable £&. A
fuzzy variable £ is a real valued function defined on pattern
setT: £ : T' — [0,1]. The pattern set is the set of mea-
surement standards. The fuzzy variable is a measure of the
measured quantity: £(vy) is value of measured quantity for
standard y € T'.

Analoguosly to probabilistics, the possibility measure
II: 28 — [0, 1] is defined, where I': is pattern set. Possibility
measure is normalized and maxitive: TI(#) = 0, II(T') = 0
and II(D U B) = max(II(D),II(B)) for any D,B € T,
where T-norm represents the logical connective ,AND” in
fuzzy logic. The membership function is the distribution func-
tion of a fuzzy variable ¢:

(3) Ag(z) =T( H(z))

The measurement in the approach of fuzzy variable con-
sists in determining the measure of similarity of the object un-
der study to the set of patterns I". The comparator allows to
compare the tested object with the elements of pattern set.

By the definition the membership function is a pushfor-
ward measure, induced by a function £ and possibility mea-
sure II.

Fuzzy uncertainty on level « is defined as radius of «
cut of a fuzzy set. The level set of a fuzzy set A on level a is
called a-cut for short and is defined as:

(4) fl":<x€R:A(x)2a>

Probability to possibility transformation

A probability space is a mathematical triple (9, B, P)
where (2 is a sample space, B is a o-algebra of subsets of 2
and P is a probability measure.

A possibility space is mathematical 2-tuple (T',1II),
where ' is a set of standards and 1I is a possibility mea-
sure. Note that sigma algebra is not needed here since a
possibility measure is maxitive.

In order to construct the transformation of a probabilis-
tic structure into a fuzzy one structure, one needs to note
that both can be considered as algebraic structures (F, ®),
where F is a set of random variables or fuzzy variables and &
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is addition of random variables or fuzzy variables. The addi-
tion operation depends on properties of a random measure or
fuzzy measure respectively for random and fuzzy variables.
There is a variety of such transformations in literature (see
e.g. [1]) but in this paper we assume that this transformation
preserves the addition and radius of confidence interval of
the median estimator as well [6, 5].

The confidence interval at the probability level can be
found by means of the equation:

(5) P(Ip) =p

Expanded uncertainty at confidence level p is equal to the
radius (rad) of a confidence interval. Denote U,, = rad(I,).
The definition of expanded uncertainty in the Guide is am-
biguous: it is assumed that the confidence interval can be
applied only to the method A. This is an inconsistency that
we want to avoid. Instead we proposed a uniform description
in the structure of fuzzy sentences. We assume that a con-
fidence interval corresponds to a-cut (level set on « level) of
a fuzzy set representing the measurement result. In some
papers it is assumed that one can relate a-cut to the confi-
dence level given by p = 1 — . This may be generalized
for other cases as well. Assuming that the relation between
confidence level and fuzzy level takes the form p = 1 — a we
get the fuzzy set A x which represents a random variable X.
The fuzzy set Ax is given from the cumulative probabilistic
distribution function F'x according to the equation:

i 2Fx(@)  for
(6) Ax@)—{ 2—X2Fx(x) for

where M (X) is the median of a random variable X and Fx
is the cumulative probabilistic distribution of a random vari-
able X.

Fuzzy sets derived from the transformation probability to
possibility describe the components of uncertainty of type A,
whereas the equations (6) defines a fuzzy set of type L — R
(for unimodal distributions).

A distribution of a fuzzy variable representing type B er-
rors is assessed by an expert decision, i. e. a fuzzy set
representing type B errors is assessed on the basis of past
experience and on general knowledge as well. For example,
if we consider a type B error to be systematic, we can repre-
sent it by a characteristic function of interval. The reason for
this is that systematic errors are modeled in intervals, while
the uniform distribution represents an interval itself. A fuzzy
set A that represents the sum of errors of type A and B has
a distribution given by sum of fuzzy sets A4 and Ap, if Ap
represent interval (rectangular distribution) then and for av—
cut we have:

@) [A]* = [As &7 AB]® = [AA]® + [AB]°

If a type B error has an rectangular distribution, we get
an arithmetic sum of the uncertainty for the combined uncer-
tainty.

x < M(X)
x> M(X)

Calculation of membership function from measurement
data
Suppose that as a result of measurement we obtain a
series of NV data {x1,...x,}.
Determination of the membership function can be de-
scribed by the following algorithm (fig. 2):
1. We sort the measurement data, obtaining a series of
] < ...< Zp. ~
2. For the initial value of 1 we assume A(z1) = 0.
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A membership
function

« — > X
0.96 0.97 0.98 0.99 1.00 1.01 1.02 1.03 1.04

Xy X, X3 X4 X5 Xg X7 Xg Xg

bt

Xk('n,a'] X

n—k(n,a')

Fig. 2. Empirical estimation of fuzzy set and a-cut in the case n = 9
3. We determine A(xz;) on the basis of the recursive for-

mula: B -
Forevenn,i=2,...,%5: A(zi11) = A(z;) + 2 .
fori =% +1,...,nwehave: A(z;11) = A(z;) — =

thus: A(J’J%) = /_X(m%_ﬂ) =1.
Forodd n:i=2,..., "5 A(w,41) = Aw) + 2

2
fori = 2L +1,... nwe have: A(z41

so: Zl(anH) =1

S—
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N
=
K
S
N
|
S

4. Fori = n we have: A(z,) = 0.

5. Between measuring points we approximate the function
with simple horizontal lines and obtain the step func-
tion. Other methods of interpolation require additional
assumptions.

Since the uncertainty is determined by radius of a—cut,
we have

(8) [A]a = [xk(n,oz%xnfk(n,a)}

where {x;},=1,, is a sequence of sorted data, and k(n, «) is
the sequential number of the data forming the left end-points
of the a-cut (see 2)

[%(ﬂ for even n
9) k(n,a) = [wa-‘ for odd

If the measurand is defined as the average value of the
data series, then a-cut of the membership function represent-
ing the average value for a particular T-norm should be de-
termined. In fuzzy case, averaging results (as in probabilistic
approach) in a narrowing of the distribution. We can derive
the formula providing the a-cut of the distribution Aaye of the
average values:

(10) [Anve]” = [Ave,(A)]" = [A] (t=1(Le(@))

This formula means that in order to determine the a-cut
of the distribution of average values on level « it is necessary
to determine the a-cut of non-averaged values on level o/ =
tI=1 (1¢(«)) (where t is additive generator of T-norm).

To apply this formula, you practically need to set a new
value for the number of a given (ordered) data:

(11) k(n,a) = %no/ = %t[_l] (lt(a)> n

n
Fuzzy uncertainty will be then given by:
1

Ua (CL) =35 (In—k(n,a) - xk(n,a))

(12) 5

The value of k(n, a) depends on the T-norm, which de-
scribes the correlation in a series of measurement data. The
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A membership function

membership function
of average values

middle elements

Fig. 3. Middle elements defining the a-cut of membership function
of average values

probabilistic model usually assumes no correlation (which is
not always true), with this assumption one can derive approx-
imate formulae [5]. The interval [24,(,q), Tn—r(n,a)] from (8)
can be written by means of:

(13) K(n)=n—2k(n,a)=n <1 — ¢ <;t(a)>)

The approximate formulae (reflecting the lack of correlation)
1
a+ L’

n

are: for a small number of measurements: K(n) =

for n large: K (n) = v/2n.

Example

To illustrate the application of the presented algo-
rithms, consider a series of N =9 voltage measurements
with a multimeter with a resolution 0,02V on the range
2V. The results of the measurements after sorting are
0.096, 0.097, 0.098, 0.099,1.00,1.01,1.02,1.03, 1.04.
These data are created artificially to facilitate the use of
the algorithm. The average value of this data series is
X4, = 1V, and the median is M = 1V, a membership
function is illustrated in 3, a-cut on level a = 0.1 is equal
to interval [0.96,1.04]. In order to calculate cuts for the
averaged values, we determine cuts of a fuzzy set from the
measurement data on level o/ = =1 (1¢(a)) (equation
(10)). Uncertainty analysis according to GUM [2] assumes,
that the measurement data string is not internally correlated,
which is not always true. In this example, we will use the
T-norm of the Hamacher type with the parameter p = 0,5
(research shows that such a t-norm describes an analog-to-
digital converter well [6]), then o’ = 0,7. Section on level
o’ =0,7is[0.99,1.01]. This calculated uncertainty on level
a = 0.1 is the radius of the calculated a-cut and is equal to
U, =0,01V.

The standard deviation calculated from the data series
is s(x) = 0,027, the standard uncertainty of the average
estimator w4 (z) = 0,009, the uncertainty extended at the
probability level p = 0,9 will be approximately Uy g = 0,015
(all calculations in Volts).

The approximate value of the interval is obtained by tak-

ing K (n) = = m ~ 1.25 midpoints. This gives

o+ %
a similar estimate because at least one minimum range has
to be taken into account (with such a small number of data,

the estimate is inaccurate).

Combined uncertainty

The final step for the theory is a combination of type A
and type B uncertainties.

We assume that two components of errors can be dis-
tinguished: type A errors and type B errors, but we identify
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them with a systematic error A,.X and an unsystematic er-
ror A, X, which we write as AX = A, X + A, X

In the language of fuzzy sets we can write it as a compo-
sition (addition) of fuzzy sets A, i A ([7]), where: A, is a
non-systematic component (type A) and A, is a systematic
component (type B) described by the characteristic function
of the interval [—A,,z, +A,,, 2] (equation (7)):

AN
A\

2(A, x+A,)

Fig. 4. Fuzzy set describing error and its components

UA) =U(A, &1 Ay) = U(A,) + U(4Ay),
where: A,z is the biggest permissible error,
A, - the radius of cut at level a [7].

Conclusion

The method presented for calculating the extended un-
certainty by the fuzzy set method is based on determining
an a-cut of a fuzzy set representing a data series. The com-
bined uncertainty is equal to the arithmetic sum of uncertainty
of A and B type. Such a result can also be justified in a prob-
abilistic model if the systematic error is described by a series
of identical strongly correlated data. The derivation of the for-
mulas used above can be found in the monograph [5], more
complete justification and explanation needs some more pa-
pers to be published.
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