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Numerical modelling of acoustic and ultrasound scattering 
problems with an arbitrarily shaped scatterer 

 
 
Abstract. The application of the standard boundary element method to analyse in 2D space the acoustic high-frequency scattering problems by a 
rigid convex and concave scatterer illuminated by the plane wave is considered in this paper. The analysis is presented on the example of a flat 
wave illuminating an object under different angles. The solution for different wavenumbers and different scatterers was analysed and illustrated. The 
usefulness of such a simulation method was discussed from the acoustical tomography point of view. 
 
Streszczenie. W artykule rozważono zastosowanie standardowej metody elementów brzegowych do analizy w przestrzeni 2D problemów 
rozpraszania akustycznego wysokich częstotliwości przez sztywny wypukły i wklęsły rozpraszacz oświetlony falą płaską. Analiza została 
przedstawiona na przykładzie fali płaskiej oświetlającej obiekt pod różnymi kątami. Przeanalizowano i zilustrowano rozwiązania dla różnych liczb 
falowych i różnych rozpraszaczy. Przydatność takiej metody symulacji została przedyskutowana z punktu widzenia tomografii akustycznej. 
(Modelowanie numeryczne problemów rozpraszania akustycznego i ultradźwiękowego z arbitralnie ukształtowanym rozpraszaczem). 
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Introduction 
BEM is the preferable approach to acoustic scattering 

problems in infinite domains. The biggest advantage is that 
the Sommerfeld radiation condition [1] is automatically 
satisfied by BEM open boundary problem. Thus, there is no 
requirement to truncate the domain and impose artificial 
non-reflecting boundary conditions. By High-Frequency 2D 
Scattering Problems, we understand the problems in which 
the Reynolds Scattering criteria [2] are not fulfilled. It means 
that the wavelength is much smaller than the dimensions of 
the scatterer. 

The exterior acoustic problem is described by the 
He lmho l t z  equa t ion  o f  the  fo rm [3 ,4 ,5 ] :  
(1)                    𝛻 𝜑 𝐩 𝑘 𝜑 𝐩 𝑄, 
 
where 𝜑 𝐩  [m2/s], is the scalar velocity potential amplitude, 

𝑘  is the wavenumber [1/m2], 𝜔 2𝜋𝑓 [1/s], 𝑐 [m/s] is 

the propagation velocity and the wavelength is equal to 
λ 𝑐/𝑓 [m].  

The right-hand side 𝑄 [1/s] stands for the acoustic 
source. The complex-valued function 𝜑 𝐩  possess the 
magnitude and phase shift [6].  

In theoretical acoustics [6], it is often desirable to work 
with the Helmholtz equation (1) of the velocity potential 𝜑 
instead of pressure 𝑝 and/or vector of the particle velocity 𝐯. 
Taking into account the above considerations and making 
use of Green’s second identity, the Helmholtz equation (1) 
can be expressed in an equivalent form of a Boundary 
Integral Equation (BIE) [1], i.e.  
(2) 𝑐 𝒓 𝜑 𝒓

|𝒓 𝒓 |
𝜞 𝜑 𝒓 𝑑𝜞 𝐺 |𝒓 𝒓 | 𝒓

𝜞 𝑑𝜞

𝜑 𝒓 ,    𝒓 ∈ 𝜞 
 
where 𝜑  is the incident wave, and the vector 𝐧 is the unit 
normal vector outward pointing from the considered domain 
(see Fig. 1). 

The sound-hard scatterer is imposed through a 
homogeneous Neumann boundary condition on the 
boundary 𝜞 𝑰 ∪ 𝑺 (see Fig. 2). Due to the homogeneous 
Neumann boundary conditions, the third term of equation 
(2) vanish. Now, the boundary integral equation (2) for 
constant boundary elements can be written in terms of local 
coordinate ξ as follows: 

(3) 𝑐 𝒓 𝜑 𝒓 ∑ 𝜑 𝒓
|𝒓 𝒓 |

𝟏 𝐽 𝜉 𝑑𝜉  𝜑 𝒓  

 
where M – is the total number of constant elements, and 
𝐽 𝜉  – is the Jacobian of transformation defined as: 

𝐽 𝜉
𝜞

, where 𝐿 is the length of 

the constant boundary element [7-10]. 
If the plane wave is travelling along the vector 𝐝

cos 𝜃  , sin 𝜃  than 𝜑 𝒓  𝑒 𝒓∙𝐝 , where 𝑖 √ 1 is the 
imaginary unit. 

Using the above relations, the incoming wave is 
relatively easy to calculate on the boundary and incorporate 
it into the right-hand side of the equation (3).  

 
Fig. 1. External region under consideration illuminated by plane 
time harmonic incoming wave 
 

 
Fig. 2. Circular scatterer illuminated by plane wave where I denote 
the illuminated and S denotes the shadow zone 
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Plane wave and arbitrarily shaped scatterer benchmark 
Many methods can be used to solve direct, inverse and 

optimization problems [11-21]. Let us consider the 
scattering problem for a high-frequency regime, i.e., when 
the wavelength of the incoming wave is much less than the 
diameter of the scatterer. In the experiment, we have 
considered examples starting from the wavelength 0.63 m 
up to 0.013 m when the dimensions of the scatterers were 
about 2 m. So, we can say that high-frequency regime 
conditions were fulfilled. 

The simulation of the scattering problems is an 
extremely difficult task. The BEM results could be reliable if 
the following criteria were considered. Moreover, here are 
the most important of them: 
1) The number of boundary elements should be no less 

than 6 to 10 for the wavelength (see, for example [22]), 
2) it is well known in the literature that BEM provide 

unreliable results for all but low wavenumber [9]. 
Additionally, the wavenumber should fulfil the following 
relation: 

(4) 𝑘 𝐷 4.0 
 
where D denote the diameter of the body, and when the 
shape of the body is irregular, then the maximum distance 
between two boundary points. In [9], the author states this 
is too restrictive for most applications. In our simulation, not 
all cases fulfilled this condition, but the results were 
satisfactory despite that. 
 
Convex scatterer 

In this section, we will deal with a square-shaped 
scatterer. This is a more challenging problem than the 
smooth convex obstacle like the circle since the corners of 
the polygon give rise to strong diffracted rays, which 
illuminate the shadow side of the obstacle much more 
strongly than the rays that creep into the shadow zone of a 
smooth convex obstacle [5]. 

The shadow or the illuminated zones (the zone consists 
of collection of boundary elements) could be calculated in 
the following way: 
(5)                                           𝐧𝐣 ∙ 𝐝 𝟎 
 
where the plane wave is travelling along the unite vector 
𝐝 cos 𝜃, sin 𝜃  and 𝒏  is the united normal vector of 
boundary element, directed outside the investigated region 
(see Fig. 1). So, the dot product 𝒏 ∙ 𝐝 after some 
mathematics is equal 𝑛 cos 𝜃 𝑛 sin 𝜃 cos 𝜃  cos 𝜃 
sin 𝜃 sin 𝜃  (see Fig. 2). The angle of 𝜃  is the angle of the 
position vector of particular boundary element [5]. 

In all numerical experiments, the scatterer boundaries 
were rigid (modelled by the homogeneous Neumann 
boundary conditions) and were discretised by constant 
boundary elements. The number of boundary elements was 
selected so that the wavelength 𝜆 per element length was 
as high as possible. For considered cases, the ratio is 
shown in table 1. 

The figures below show the situation when the incoming 
wave has a direction vector with an angle equal to zero, 
counting in a counterclockwise direction from the positive x-
axis. It means that the flat wave is coming from the square 
scatterer's left side to the scatterer's right side (see Fig. 4). 

In the presence of corners (see Fig. 3), the classical 
BEM is not capable of achieving engineering accuracy (for 
which according to [6] is taken a common definition of 1% 
error) due to highly oscillating velocity potential (consult Fig. 
3c) even for relatively low (acoustical) frequencies. Some 
authors apply an enriched basis function. However, it is not 
the topic of this paper. Interested readers should find more 

details in [9]. As we can see in Fig. 4, when the frequency 
becomes higher, for the classical BEM more and more 
boundary elements are necessary to maintain the 
reasonable ratio of the boundary elements per wavelength. 
For the last two frequencies, 6022 and 9800 Hz, the 
boundary elements per wavelength are 7 and 5, 
respectively, below the recommended value. 

Now we consider an incident plane wave propagating in 
an angle of -π/4, which means that the flat incoming wave 
propagates from the upper left corner to the lower right 
corner. 

When the angle of the incoming wave is different from 
zero, the field pattern around the square scatterer becomes 
more interesting. For all cases, the basic acoustical data 
are assembled in table 1.  

 

       a)  b) 

  
c) 

 
 

Fig. 3. Single square scattering object a) incoming flat wave from 
left to right and illumination (yellow) and shadowed side (black) of 
the boundary b) incoming wave from left upper corner to lower right 
corner of square scatterer and illuminated and shadowed 
boundaries marked by yellow and black colour respectively c) 
magnitude velocity potential distribution on the perimetry of the 
boundary as it is indicated in the bottom of the figure 
a) 

 
b) 
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c) 

 

Fig. 4. Incoming and scattered field near the square scatterer a) 
isolines b) field image c) 3D visualization 
a) 

 
b) 

 
c) 

 

Fig. 5. Incoming and scattered field near the square scatterer a) 
isolines b) field image c) 3D visualization 
 
Table 1. Basic acoustical data for numerical experiment with 
square scatterer 

Acoustical 
data for the 

figures 

wavelength 𝜆 
[m] 

𝜆
/𝐿 

wave 
number 𝑘 

[1/m] 

Frequency 
𝑓 [Hz] 

4 and 5 

0.630 20 10 547.50 
0.160 10 40 2190. 
0.057 7 110 6022. 
0.035 5 179 9800. 

It is not possible to increase the frequency up to the 
ultrasonic level without dramatic incrementation of 
discretization density. So, the geometrical dimensions were 
rescaled to keep the above-mentioned criteria of proper 
numerical simulation. It means that the dimensions of the 
scatterer were adjusted to the ultrasound wavelength. 
 
a) 

 
b) 

 
c) 

 
Fig. 6. Incoming and scattered high frequency (USG) field near the 
square scatterer a) isolines b) field image c) 3D visualization 
 

After resizing, the geometrical dimensions of the 
scatterer are small enough to fulfil the demands of the 
number of boundary elements per wavelength equal to at 
least 10. This case equals 𝜆/𝑛 0.013/0.0078125 ≅ 160  
for the frequency 𝑓 27375 Hz. So, it is much more than 
our demand. 

As a next example, let's consider the corrugated circle-
shaped scatterer. With significantly deep corrugations of the 
scatterer’s boundary, it can easily see shadowed and 
illuminated parts of the boundary (see Fig. 7). 
 
Conclusions 

This paper presented an acoustic scattering problem in 
2D space for high frequency and for an arbitrary shape of 
the scatterers. The classical BEM was used for acoustic 
and ultrasound problems, but always keeping in mind the 
criteria mentioned above of the correct solution.  
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On this basis, we can state that the literature demand 
concerns the lower limit of the number of boundary 
elements per wavelength might be insufficient in case of the 
inverse problem, particularly for the ultrasonic frequency 
wave bound.  
The main goal of this paper was to investigate if the 
classical boundary element method might be suitable for 
tomography problems in acoustic and ultrasonic problems. 
However, more sophisticated basis functions might be 
necessary for more complicated shapes of scatterers, as 
shown in the square scatterer's case for the high frequency. 
The number of elements per wavelength became so high 
that it could be impossible to use a presented version of 
BEM for tomography problems. 
a) 

 
b) 

 
c) 

 
Fig. 7. Corrugated circle-shaped scatterer a) illuminated and 
shadowed zones b) isolines of the acoustic field c) image of the 
field and direction of the incoming flat wave 
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