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Angles between transient values in the linear electrical circuits

Katy pomiedzy stanami nieustalonymi w liniowych obwodach elektrycznych

Abstract: The classical definition of the angles between steady values of the voltages and currents in the electrical circuits with constant values of
the resistances, inductances and capacitances will be extended to the transient values of the voltages and currents. The theses will be shown on
simple electrical circuits with constant resistances, inductances and capacitances. It will be shown that the angles depend on the location of the re-

sistances, inductances and capacitances of the electrical circuits.

Streszczenie: Klasyczna definicja katéw miedzy warto$ciami ustalonymi napie¢ i prgdéw w obwodach elektrycznych o statych warto$ciach rezys-
tancji, indukcyjno$ci i pojemno$ci zostanie rozszerzona na stany przejsciowe napiec i prgdéw. Tezy zostang przedstawione na prostych obwo-
dach elektrycznych o statych wartos$ciach rezystancji, indukcyjno$ci i pojemnos$ci. Zostanie pokazane, ze katy zalezg od potozenia rezystancji,

indukcyjno$ci i pojemno$ci obwodéw elektrycznych.
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Introduction

In the classical linear circuits with sinusoidal inputs the
notion of the angle between voltages and currents is well
defined and used for the sinusoidal voltages and currents
[1,2,5,8, 11].

In this paper it will be shown that the notion of angles can
be extended to the transient values of the voltages and cur-
rents in the linear electrical circuits with constant values of
resistances, inductances and capacitances.

The paper is organized as follows. In Section 2 some
basic definitions from the functional analysis concerning
the scalar product of vectors and matrices and the angles
between vectors and matrices are recalled. The angles be-
tween currents and voltages in the linear electrical circuits
in transient state are defined in Section 3 and illustrated by
simple electrical circuits with constant parameters. The de-
pendence of the angles on the locations of the resistances,
inductances and capacitances is analyzed in Section 4. Con-
cluding remarks are given in Section 5.

The following notation will be used: R — the set of nxm
real numbers, R — the set of real matrices, R’ — the set
of nx mreal matrices with nonnegative entries and " = R
I,- the nxn —the identity matrix.

Basic definitions
Itis well-known [3—8, 10, 11] that in the n-dimensional real
vector space R” the scalar product is well defined if for every
pair of vectors x, y € R" there exists a real number (x, y) sat-
isfying the following conditions:
1. The scalar product is symmetric (x, y) = (y, x) for all
x,yeR"

2. (Ax,y)=A(y,x)for every real number A and all x, y € R"
3. (X +x5,) =(x;,¥)+(x,, ) for all x;,x, € R"
4. (x,x)>0and(x,x)=0ifand only if x=0

X o4
The scalar product of real vectors x = , y=| ! |inor
thogonal basis is given by X, v,
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21 (x.x)= gx,-y,» :

The module of the vector x € R" is given by

2.2) x| = J(x, %)

and the angle between the vectors x and y is defined by

(x,y)
[l

In Euclides space of continuous functions f(¢), g(¢) the
scalar product is given by

(2.3) @ = arccos , 0<p<r.

b
(2.4) (f(t),g() = If(t)g(t)dt, a, b - given numbers

and the angle between f(¢) and g(¢) is defined by

[ 1z
@ = @() = arccos 0 , 0<p<un,
[trarar | [tewrar
(2.5a) 0 0
[ r®ewadz
o(t) = arccos 0 , 05t <,

t

[ir@rar |[le@ de
0

(2.5b) 0

The definitions (2.4) and (2.5) can be extended to the

vectors

Si(®) g (1)
(2.6) fo=| | gn=

S (@) g, ()
and
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b n
(f©0.20) =D /(g @)

=l

@2.7)

The angle between the vectors functions (2.6) is defined by

[> riog @
@ = () = arccos 0= , 0<p<m,
\/ [>r (r)er [ g2 war
(2.8a) 0 i=1 0 i=1
[> rwewadr
o(t) = arccos 0= , 0< () <.

0 i=1 0 i=1

\/jiﬁ(r)dr\/jig?(r)dr

(2.8b)

The notion of the angle can be also extended to matrices with
entries depending on time ¢ as follows [2, 4, 10]. Let’s take
two any given matrix 4 =[a;] € R the following two cor-
responding vectors can be defined

Z = [al 1 aln a21 a2n a3| anm]T € mﬂXWl
(2.9a)
and

~ T

A=lay .. ay ay Ay G13 ] € R
(2.9b)

where T denotes the transpose. The scalar

(4,B)=(4,8)=> " a;b;

i=1 j=I

(2.10)

is called the scalar product of the matrices A and B. The an-
gle defined by

— A A

(4,B) (4,B)

A5 FIE

@ =@, p =arccos = arccos

2.11)

0<p<r

is called the angle between the matrices A and B. From (2.11)
it follows that

(212)  cosp, p=cos@y 4, COSQ,p=COSP_4 p

and if 4 = Bthen cosp, z =1, @, 3 =0. The matrix defined
by

ay by 1Dy

AOB= eiRlle

anlbnl anmbnm

(2.13)
Is called the Hadamard product of the matrices A and B.

Note that the angle ¢, 5 between the matrices A and B
satisfies the condition if and only if and if and only if (4, 8) > 0
and cosp, p <0Oifand only if (4,B) <0.
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Note that the definition (2.8) can be extended to matrices
with entries depending on time t.

Angles between currents and voltages in linear electrical
circuits

We begin with simple linear electrical circuit shown in
Fig. 3.1 with given resistance R and capacitance C and
source voltage E.

The voltage u =u,(t) on the capacitance and current
i =i(¢) in the circuit are given by

R

L i(t)

E C = Tue(t)

Fig. 3.1. Linear electrical circuit R, C.

t t
(3.1) u=E(l-e RC), i:Cﬂ=£e RC
dt R

and shown in Fig. 3.2.
Using the definition (2.5) and (3.1) we obtain

<

=l[esllles]

0 > t

Fig. 3.2. Voltage u(t) and current i(t).

t t

t [ [E——
jE(l —e RC)%e RCqr

cosp(t) = 0 =
‘ . . aa 2
IEz(l—e RCY dtr J.(j {e RCJ dr
R
0 0
* .t
I(l—e RCYe RCqy
= 0 =0
e Y
j(l—e RCY2 gy ILE RC] dt
0 0
(3.2)

0 t
since I(l—e RCY2Jt = o0
0
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Therefore, the angle between the voltage u(t) and the current
i(t) is equal to — % fort =,

o) 4

[S]E]

Y
-+

0

Fig. 3.3. The angle between voltage u(f) and current i(t).

Note that in stable state for input u(¢) = U sin @t the cur-
rent has the form u(¢) = U sin wt and it is shifted with respect
to input by z

2

Now let us consider the linear electrical circuit shown in
Fig. 3.4 with given resistance R, inductance L and source
voltage E.

The current i =i(¢) and the voltage on the inductance
u =u(t) are given by

R

ECH) L

M

Fig. 3.4. Linear electrical circuit R, L.

T u (t)

R R
-=t

E -=t
(3.3) i(t):;(l—e LY, u,(t)y=e L
and shown in Fig. 3.4

Using the definition (2.5) and (3.3) we obtain

> t

0 =

Fig. 3.5. Current i(t) and voltage u(t).
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t R R
-=t -=¢
JE(I—e L')Ee L dr
R

cosp(t) = 0 =
t E 2 _R, t _R, 2
j(—j (—e LYdr |[E}e L | dr
o\ R 0
0 R R
= -y
I(l—e LYe L dt
= 0 =0
2
dt
(3.4)

© R 0
. -t ——2t ——t ——2t
since 1(1_3 LY dt = o0 and Ie L de, j el —el |dt
0 0
are finite.

Therefore, the angle between the current i(¢) and the
voltage u(?) is equal to Z-
2

o),

I
2

0 > {

Fig. 3.6. The angle between the voltage u(t) and current i(t).

Note that in stable state for input i(¢) = / sin ¢ the volt-
age has the form u(¢) = wLI coswt and it is sifted with re-
spect to input by

From the above considerations follows the following The-
orem.

Theorem 1. The angle between the voltage u(t) on the ca-
pacitor and its current i(¢) is equal to Z The angle between
the current i(¢) in the coil and its voltage u(¢) is equal to %

The considerations can be extended to more complicated
linear electrical circuits.

Dependence of the angles on the locations of inductances
and capacities in the structure of the electrical circuits
Consider the linear electrical circuit shown in Fig. 4.1 with
given resistances R,, R,, inductance L, capacitance C and
source voltage E.
Using the Kirchhoff’s laws we may write the equations
u du

i=—+C—

41

E=R]i+Lﬁ+u,
dt
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R, L
—_ """

JORE

Fig. 4.1. Linear electrical circuit.

C::Lm

which can be written in the form

@H=AM+BE
(4.2a) dt| i i
where
1 |
"RC C 0
A= K , B=|1
1R I’
(4.2b) L L

The electrical circuit is asymptotically stable since the
characteristic polynomial

RC/| R,LC LC

of the matrix A has positive coefficients and its zeros s,, s,
are real if the condition

4.3) det[l,s— A]=s>+ [% + LJS PR

(4.4) RIR,C* +I* —2R,CL—4R,LC >0

is satisfied.
The solution to the equation (4.2a) for zero initial conditions
has the form

t

H = [e""BEdr = (" ~ 1) 4 BE =
! 0

@5  =[Z(" -Ds;' +2Z,(e™ ~1)s;'1BE

1

where Z, = [A-1,s,], Z,= [A—1,5) s, S,are

S —5, Sy, — 8]
the zeros of the polynomial (4.3).

Now let us consider the linear electrical circuit shown in
Fig. 4.2 with given resistances R,, R,, inductance L, capaci-
tance C and source voltage E. Note that the electrical cir-
cuit shown

in Fig. 4.2 differs from the one shown in Fig. 4.1 by the
exchange of the inductance L and capacitance C.

Using the Kirchhoff’s laws we may write the equations
E =R1(i+iﬂ)+u+Lﬂ Cﬂ =i+£ﬂ
R, dt R, dt

4.6 ,
“8) ) dt’  dt
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E (1

Fig. 4.2. Linear electrical circuit.

which can be written in the form

@m - AerBE
dr | i i

(4.7a)
where
o R, |
S (Ri+R))C (R +R))C B (R, +R,)C
R’ __RR) ] R,
(4.70) (R, +Ry)L (R +Ry)L (R, +Ry)L

The electrical circuit is asymptotically stable since the
characteristic polynomial

2 L+RR,C  Ry(R+Ry)
(R, +R,)LC" " (R, +R,)LC

of the matrix A has positive coefficients and its zeros s,, s,
are real if the condition

(4.8) det[l,s— A] =

4.9) (L+RR,C)* —4(R, + Ry))R,LC >0
is satisfied

Note that the characteristic polynomials (4.3) and (4.8)
are different and the conditions and (4.9) for real roots s, s,
are different.

The solution to the equation (4.7) for zero initial condi-
tions has the form

t

(4.10) H = j e BEdr =[Z,(e"" —1)s;" + Z, ("' —1)s,'|BE

l
0

where Z, =

[A-1,s,)Z, = [A—1,s1]s,, s,are

S1—% S2 =8

the zeros of the polynomial (4.3).

Concluding remarks

The classical definition of the angles between steady val-
ues of the voltages and currents in the electrical circuits with
constant values of the resistances, inductances and capaci-
tances has been extended to the transient values of the volt-
ages and currents. The theses have been shown on simple
electrical circuits with constant resistances, inductances and
capacitances.
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The studies have been carried out in the framework of work

It has been shown that the angles depend on the loca- o™y 7 e _1/5/2023 and financed from the funds for sci-
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