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Introduction
In the classical linear circuits with sinusoidal inputs the 

notion of the angle between voltages and currents is well 
defined and used for the sinusoidal voltages and currents 
[1, 2, 5, 8, 11].

In this paper it will be shown that the notion of angles can 
be extended to the transient values of the voltages and cur‑
rents in the linear electrical circuits with constant values of 
resistances, inductances and capacitances.

The paper is organized as follows. In Section 2 some 
basic definitions from the functional analysis concerning 
the scalar product of vectors and matrices and the angles 
between vectors and matrices are recalled. The angles be‑
tween currents and voltages in the linear electrical circuits 
in transient state are defined in Section 3 and illustrated by 
simple electrical circuits with constant parameters. The de‑
pendence of the angles on the locations of the resistances, 
inductances and capacitances is analyzed in Section 4. Con‑
cluding remarks are given in Section 5.

The following notation will be used:  – the set of  
real numbers,  – the set of real matrices,  – the set 
of  real matrices with nonnegative entries and , 

 – the identity matrix.

Basic definitions
It is well‍‑known [3‒8, 10, 11] that in the n‍‑dimensional real 

vector space  the scalar product is well defined if for every 
pair of vectors  there exists a real number  sat‑
isfying the following conditions:
1.	 The scalar product is symmetric (x, y) = (y, x) for all 

2.	  for every real number  and all 
3.	  for all 
4.	  and  if and only if 

 
The scalar product of real vectors  in or‑
thogonal basis is given by

(2.1)	

The module of the vector  is given by

(2.2)	

and the angle between the vectors x and y is defined by

(2.3) 	

In Euclides space of continuous functions  the 
scalar product is given by

(2.4)	  a, b − given numbers

and the angle between  and  is defined by

 
 

 
 
 
(2.5a)	

 
	  
 
 
(2.5b)

The definitions (2.4) and (2.5) can be extended to the 
vectors

(2.6)	

and
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(2.7)	

The angle between the vectors functions (2.6) is defined by

 
 

 
 
 
(2.8a)

 
 
	  
 
(2.8b)

The notion of the angle can be also extended to matrices with 
entries depending on time t as follows [2, 4, 10]. Let’s take 
two any given matrix , the following two cor‑
responding vectors can be defined

	  
(2.9a)

and

	  
(2.9b)

where T denotes the transpose. The scalar

(2.10)	

is called the scalar product of the matrices A and B. The an‑
gle defined by

 
	  
(2.11)

is called the angle between the matrices A and B. From (2.11) 
it follows that

(2.12)	

and if  then . The matrix defined 
by

 
	  
 
 
(2.13)

Is called the Hadamard product of the matrices A and B.
Note that the angle  between the matrices A and B 

satisfies the condition if and only if and if and only if   
and  if and only if .

Fig. 3.1. Linear electrical circuit R, C.

Fig. 3.2. Voltage u(t) and current i(t).

Note that the definition (2.8) can be extended to matrices 
with entries depending on time t.

Angles between currents and voltages in linear electrical 
circuits

We begin with simple linear electrical circuit shown in 
Fig. 3.1 with given resistance R and capacitance C and 
source voltage E.

The voltage  on the capacitance and current 
 in the circuit are given by 

	  
(3.1)

and shown in Fig. 3.2.
Using the definition (2.5) and (3.1) we obtain

 
 
 
 
 
	  
 
 
	  
 
 
 
 
(3.2)

since 
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Therefore, the angle between the voltage u(t) and the current 
i(t) is equal to  for .

 
 
 
	  
 
 
 
 
 
 
 
 
(3.4)	

since  and   
 
are finite.

Therefore, the angle between the current  and the 
voltage  is equal to 

Fig. 3.3. The angle between voltage u(t) and current i(t).

Fig. 3.4. Linear electrical circuit R, L.

Fig. 3.5. Current i(t) and voltage u(t).

Fig. 3.6. The angle between the voltage u(t) and current i(t).

Note that in stable state for input  the cur‑
rent has the form  and it is shifted with respect 
to input by 

Now let us consider the linear electrical circuit shown in 
Fig. 3.4 with given resistance R, inductance L and source 
voltage E.

The current  and the voltage on the inductance 
 are given by 

	  
(3.3)

and shown in Fig. 3.4

Using the definition (2.5) and (3.3) we obtain

Note that in stable state for input  the volt‑
age has the form  and it is sifted with re‑
spect to input by

From the above considerations follows the following The‑
orem.

Theorem 1. The angle between the voltage  on the ca‑
pacitor and its current  is equal to . The angle between 
the current  in the coil and its voltage  is equal to .

The considerations can be extended to more complicated 
linear electrical circuits.

Dependence of the angles on the locations of inductances 
and capacities in the structure of the electrical circuits

Consider the linear electrical circuit shown in Fig. 4.1 with 
given resistances R1, R2, inductance L, capacitance C and 
source voltage E.

Using the Kirchhoff’s laws we may write the equations

(4.1)	
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which can be written in the form

 
	  
(4.2a)

where

 
 
	  
(4.2b)

The electrical circuit is asymptotically stable since the 
characteristic polynomial

(4.3)	

of the matrix A has positive coefficients and its zeros s1, s2 
are real if the condition

(4.4)	

is satisfied.
The solution to the equation (4.2a) for zero initial conditions 
has the form
 
 
	  
 
(4.5)

where , , s1, s2 are  
 
the zeros of the polynomial (4.3).

Now let us consider the linear electrical circuit shown in 
Fig. 4.2 with given resistances R1, R2, inductance L, capaci‑
tance C and source voltage E. Note that the electrical cir‑
cuit shown

in Fig. 4.2 differs from the one shown in Fig. 4.1 by the 
exchange of the inductance L and capacitance C.

Using the Kirchhoff’s laws we may write the equations

(4.6)�

which can be written in the form

(4.7a)	

where

 
 
 
� . 
(4.7b)

The electrical circuit is asymptotically stable since the 
characteristic polynomial

(4.8)�

of the matrix A has positive coefficients and its zeros s1, s2 
are real if the condition

(4.9)	

is satisfied
Note that the characteristic polynomials (4.3) and (4.8) 

are different and the conditions and (4.9) for real roots s1, s2 
are different.

The solution to the equation (4.7) for zero initial condi‑
tions has the form

(4.10)�

where , , s1, s2,are  
 
the zeros of the polynomial (4.3).

Concluding remarks
The classical definition of the angles between steady val‑

ues of the voltages and currents in the electrical circuits with 
constant values of the resistances, inductances and capaci‑
tances has been extended to the transient values of the volt‑
ages and currents. The theses have been shown on simple 
electrical circuits with constant resistances, inductances and 
capacitances.

Fig. 4.2. Linear electrical circuit.

Fig. 4.1. Linear electrical circuit.
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It has been shown that the angles depend on the loca‑
tion of the resistances, inductances and capacitances of the 
electrical circuits. The considerations can be easily extend‑
ed to the fractional orders linear electrical circuits [5‒7, 9].
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